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A b s t r a c t 

A t heo rem p r o v i n g sys tem has been programmed 
f o r a u t o m a t i n g m i l d l y complex p r o o f s b y s t r u c t u r 
a l i n d u c t i o n . One pu rpose was t o p r o v e p r o p e r 
t i e s o f s i m p l e f u n c t i o n a l p rograms w i t h o u t l o o p s 
o r a s s i g n m e n t s . One can see t h e f o r m a l sys tem as 
a g e n e r a l i z a t i o n o f number t h e o r y : t h e f o r m a l 
l anguage i s t y p e d and t h e i n d u c t i o n r u l e i s v a l i d 
f o r a l l t y p e s . P r o o f s a r e g e n e r a t e d b y w o r k i n g 
backward f r o m t h e g o a l . The i n d u c t i o n s t r a t e g y 
s p l i t s i n t o two p a r t s : (1) t h e s e l e c t i o n o f i n 
d u c t i o n v a r i a b l e s , w h i c h i s c l a i m e d t o b e l i n k e d 
t o t h e u s e f u l g e n e r a l i z a t i o n o f t e r m s t o v a r 
i a b l e s , and (2) t h e g e n e r a t i o n o f i n d u c t i o n s u b -
g o a l s , i n p a r t i c u l a r , t h e s e l e c t i o n and s p e c i a l i 
z a t i o n o f h y p o t h e s e s . O the r s t r a t e g i e s i n c l u d e 
a f a s t s i m p l i f i c a t i o n a l g o r i t h m . The p r o v e r can 
cope w i t h s i t u a t i o n s a s complex a s t h e d e f i n i t i o n 
and c o r r e c t n e s s p r o o f o f a s i m p l e c o m p i l i n g a l g o 
r i t h m f o r e x p r e s s i o n s . 

A f t e r a n o v e r v i e w o f t h e f o r m a l sys tem and t h e 
sea rch s t r a t e g y , t h e paper e x p l a i n s how i n d u c t i o n 
v a r i a b l e s a r e s e l e c t e d , w h i c h i n c l u d e s g e n e r a l i 
z a t i o n , and how i n d u c t i o n subgoa l s a r e g e n e r a t e d . 
F i n a l l y , o t h e r s t r a t e g i e s a r e p r e s e n t e d , i n c l u d 
i n g s i m p l i f i c a t i o n . A d e t a i l e d example and 
t e c h n i c a l remarks c o n s t i t u t e t h e a p p e n d i c e s . 
A u b i n (1974) d e s c r i b e s t h e who le sys tem i n d e t a i l . 

Fo rma l System 

The f o r m a l sys tem can be t h o u g h t o f as a g e n 
e r a l i z a t i o n o f number t h e o r y , b u t w i t h i m p l i c i t 
o u t e r m o s t u n i v e r s a l q u a n t i f i e r s o n l y . 

Every t e r m , t h a t i s , e v e r y v a r i a b l e and f u n c 
t i o n a p p l i c a t i o n , has a t y p e . Types and c o n 
s t r u c t o r c o n s t a n t s a r e h i e r a r c h i c a l l y i n t r o d u c e d . 
For examp le , 

[ t r u e : | f a l s e : ] - * b o o l 
[ z e r o : | s u c c : n a t ] • * n a t 
[ n i l : | c o n s : n a t , l i s t ] • + l i s t 
[ a t o m : n a t | c o n s x : s e x p r , s e x p r ] -► sexp r 
[ n u l l t r e e : | t i p : n a t | 

node : t r e e , n a t , t r e e ] t r e e 

V a r i a b l e s a r e s i m p l y d e c l a r e d . F i n a l l y , d e 
f i n e d f u n c t i o n c o n s t a n t s a r e i n t r o d u c e d b y s t a g e s 
w i t h t h e h e l p o f d e f i n i t i o n s b y cases ( B u r s t a l l 
1969, Hoare 1 9 7 6 ) . Here a r e some c o n c r e t e e x 
amp les : 

D e s c r i p t i v e Terms 

Program p r o v i n g , theo rem p r o v i n g , d a t a t y p e , 
s t r u c t u r a l i n d u c t i o n , g e n e r a l i z a t i o n , s i m p l i f i c a 
t i o n . 

a=>b | b o o l <= 
cases a [ t r u e <= b | 

f a l s e < = t r u e ] 

a&b | b o o l <-
(a=> (bU=> fa l se ) )=> fa l se 

I n t r o d u c t i o n 

I n g e n e r a l , p r o v i n g p r o p e r t i e s o f programs r e 
q u i r e s a n i n d u c t i v e argument o f one s o r t o r o t h e r . 
S t r u c t u r a l i n d u c t i o n i s used i n t h i s theorem p r o v 
i n g sys tem f o r a u t o m a t i n g m i l d l y complex p r o o f s 
a b o u t p rog rams w r i t t e n i n a s i m p l e programming 
language w i t h o u t l o o p s o r a s s i g n m e n t s . 

Theorem p r o v e r s u s i n g such a method were w r i t 
t e n b y B r o t z (1974) f o r number t h e o r y and Boyer 
and Moore (1975) f o r a t h e o r y o f l i s t s (see a l s o 
Moore (1973) and Moore ( 1 9 7 5 ) ) . The l a t t e r was 
a p p l i e d t o p r o v i n g p r o p e r t i e s o f p rograms w r i t 
t e n i n a L I S P - l i k e l a n g u a g e . The p r e s e n t sys tem 
i s a n improvement o v e r t h e s e p r e v i o u s works b y 
i t s t y p e d l anguage and i t more s o p h i s t i c a t e d use 
o f i n d u c t i o n . 

P resen t address: Department of Computer 
Science, Concordia Un i ve r s i t y , 1455 ouest, bou l . 
de Maisonneuve, Mont rea l , Quebec, H3C 1M8, 
Canada. 

They int roduce the func t ion constants of i m p l i c a 
t i o n , con junc t ion , and equa l i t y f o r terms of type 
na t . The computer program uses another concrete 
representa t ion f o r type and func t i on d e f i n i t i o n s 
as can be seen in Appendix 1. 

The in ference ru les are those of (1) t r u t h , ( 2 ) 
s p e c i a l i z a t i o n , ( 3 ) d e f i n i t i o n by k - recurs ion , (4 ) 
modus ponens, (5) s u b s t i t u t i v i t y of e q u a l i t y , 
and (5) i n d u c t i o n . 

The domain of i n t e r p r e t a t i o n is a many-sorted 
word algebra generated by the empty s e t . A l e x i 
cographic order ing is def ined over the domain so 
tha t the p r i n c i p l e o f s t r u c t u r a l i nduc t i on holds 
i n i t . An i n t e r p r e t a t i o n i s g iven f o r the l ang 
uage which leads to a proof of soundness and weak 
completeness. In p a r t i c u l a r , the meaning of a 
func t i on constant def ined by cases is a w e l l - d e 
f i ned k - recurs ive f u n c t i o n . 
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This p r i m i t i v e system is ra i sed by in t roduc ing 
more connect ives (o r , no t , cond) and by de r i v i ng 
some in ference r u l e s . Terms are put in normal 
form by means of r u l es i nsp i red from Ketonen's 
d i a l e c t of Gentzen's sequent ca lcu lus (1955). A 
thorough d e s c r i p t i o n of the formal system can be 
found in Aubin (1976). 

Search Strategy 

Proving theorems can be seen as a game: the 
formal system sets the ru les besides which we have 
a s t ra tegy of p l a y . This s t ra tegy must meet three 
c r i t e r i a : (1) i t must f o l l ow the ru les of the same 
(a quest ion of soundness), (2) it must be a winn
ing s t ra tegy (a quest ion of completeness), and (3) 
it must use a t o l e r a b l e amount of resources (a 
quest ion o f e f f i c i e n c y ) . 

The search s t ra tegy of the present theorem 
prover works backward, reducing the o r i g i n a l goal 
to subgoals, which are in t u rn reduced to f u r t he r 
subgoals ,e tc . A s o l u t i o n is found when there is 
no more subgoals to achieve. A procedure to r e 
duce a goal to subgoals is ca l l ed a t a c t i c 
(Gordon, M i lne r , and Wadsworth 1977). 

A necessary and s u f f i c i e n t cond i t i on of sound
ness o f t h i s s t ra tegy is t h a t i t never reduces a 
nonachievable goal to on ly achievable subgoals. 
This i s f u l f i l l e d i f the t a c t i c s are inverses o f 
v a l i d in ference r u l e s , p r i m i t i v e o r de r i ved . I n 
p a r t i c u l a r , the t a c t i c corresponding to the r u l e 
of t r u t h reduces the goal t rue ( ) to no f u r t h e r 
subgoals. Soundness means tha t when a so l u t i on is 
found, a proof is indeed found. 

A necessary cond i t i on of completeness can be 
seen as the converse of the previous c o n d i t i o n : an 
achievable goal must not be reduced to nonachiev
able subgoals. This is always f u l f i l l e d by t a c 
t i c s corresponding to ru les which are a c t u a l l y i n -
v e r t i b l e , e i t h e r in general or in some contex t . As 
fo r t a c t i c s not bound to i n v e r t i b l e r u l e s , the 
theorem prover t r i e s to f i n d counter examples to 
the subgoals they generate: i f i t succeeds, the 
cond i t i on is not met and the subgoals, r e j e c t e d ; 
i f i t f a i l s , we cannot t e l l f o r sure t h a t the con
d i t i o n is s a t i s f i e d , but we have some ground to 
be l ieve t ha t i t i s , and the subgoals are r e t a i ned . 

F inding s u f f i c i e n t cond i t ions f o r completeness 
is the main problem of theorem prov ing and the r e 
maining sect ions of t h i s paper w i l l descr ibe my 
c o n t r i b u t i o n i n t h i s d i r e c t i o n . 

The preceding po in t s lead to consider ing the 
u t i l i z a t i o n of resources. A source of e f f i c i e n c y 
in the present prover is the f a c t t ha t no back
t rack ing takes p lace , t h a t i s , a t each stage, on ly 
one way of reducing a goal is i r r e t r i e v a b l y taken. 
So, i t i s s u f f i c i e n t to keep a simple stack o f 
goals : the o r i g i n a l goal is pushed down onto i t , 
each t a c t i c reduces the goal on t o p , pops up the 
s tack, and pushes down the new subgoals onto i t . 
But above t h i s s t r u c t u r e , the choice and use of 
t a c t i c s have a greater bear ing on e f f i c i e n c y . This 

prover uses the f o l l ow ing t a c t i c s i n t u r n , u n t i l 
the goal stack is empty: 

(1) S i m p l i f i c a t i o n ( inverse of a der ived r u l e 
o f s u b s t i t u t i v i t y o f equa l i t y and r u l e o f 
d e f i n i t i o n by k- recurs ion) 

(2) S p l i t t i n g ( inverse of a der ived r u l e of 
con junc t i on : from t and s, i n f e r t&s) 

(3) Replacement ( inverse of a der ived r u l e of 
s u b s t i t u t i v i t y ) and st rengthening ( i n 
verse of a der ived r u l e of weakening: 
from t , i n f e r s = t ) 

(4) Cont rac t ion ( inverse of a der ived r u l e of 
s u b s t i t u t i v i t y ) 

(5) Truth ( inverse of the r u l e of t r u t h ) 

(6) Genera l i za t ion ( inverse of the s p e c i a l i 
za t i on r u l e ) , i nduc t i on ( inverse o f the 
i nduc t ion r u l e ) , and s t reng then ing . 

The search is aborted i f the cur ren t goal can
not be reduced by any t a c t i c , e . g . , the goal 
f a l s e ( ) . 

Induc t ion Var iab les and Genera l iza t ion 

The induc t ion t a c t i c has been d iv ided i n t o two 
d i s t i n c t p a r t s : (1) the se lec t i on o f a l i s t o f 
va r i ab les to induce upon and (2) the generat ion 
of the induc t ion subgoals, given these induc t ion 
v a r i a b l e s . This sec t ion t r e a t s the f i r s t aspect. 
A c t u a l l y , I submit t ha t se lec t i on of i nduc t ion 
va r iab les and gene ra l i za t i on are i n t r i n s i c a l l y 
l i nked together ; so, both w i l l be s tud ied in t h i s 
sec t i on . 

Boyer and Moore (1975) f i r s t put in evidence 
the f a c t t h a t on ly recurs ion va r i ab les were s u i t 
able candidates as induc t ion v a r i a b l e s . I w i l l 
f u r t h e r cons t ra in t h e i r fundamental idea by 
focusing on c e r t a i n recurs ion terms of p a r t i c u l a r 
importance. (A recurs ion term is a term which 
occurs in the argument p o s i t i o n of a case va r 
i a b l e . ) I f we a l low ourselves to t a l k of (sym
b o l i c ) eva lua t ion regarding the a p p l i c a t i o n of k-
recurs ive d e f i n i t i o n s , we may as w e l l t a l k of 
computation r u l e . A computation r u l e t e l l s us 
which subterm of a term to apply the k - recurs ion 
d e f i n i t i o n r u l e t o . Nothing can be gained from 
a completeness p o i n t of view by i n t roduc ing t h i s 
n o t i o n , but i t can lead to improved e f f i c i e n c y . 

The ca l l -by -need computation r u l e is known to be 
opt imal f o r recurs ion equations (Vu i l lemin 1973) 
and can u s e f u l l y be app l ied to our problem. The 
s t a r t i n g p o i n t is qu i t e s imple. What do we need 
to know about a func t i on a p p l i c a t i o n in order to 
be able to apply the k - recurs ive d e f i n i t i o n r u l e 
to i t ? We need to know the values of i t s recur 
s ion terms, i f i t has any. The i n t e r e s t i n g po in t 
i s t ha t i f we apply the ca l l -by -need l i n e o f 
reasoning to an induc t ion goal which has already 
been s i m p l i f i e d , the process w i l l be stopped by 
one or more va r i ab les marking argument pos i t i ons 
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which the ca l l -by -need evaluator must have more 
in fo rmat ion about: I submit t ha t these var iab le 
occurrences c o n s t i t u t e exce l len t candidates fo r 
doing i nduc t i on upon. I c a l l them primary var 
i ab le occurrences. 

A simple example can h e l p f u l l y i l l u s t r a t e t h i s . 
Take the g o a l : 

The i n f i x f unc t i on constant denotes the f unc t 
ion which appends two l i s t s and is def ined thus: 

We s t a r t the chain of reasoning w i t h the func
t i o n constant - ; both o f i t s arguments are recur 
s ion arguments. So, we need to evaluate both of 
them before t r y i n g to apply the d e f i n i t i o n of =. 
We i t e r a t e the process: to know about 
we must know about and to know about 
we must know about But we know nothing about 
j ; so, t h i s pr imary occurrence of j makes a good 
induc t ion candidate. On the r i g h t of the equal
i t y , to evaluate j < > ( k< > l ) , we must know about j 
again. So, t h i s va r i ab le i s undoubtedly the i n 
duct ion va r i ab l e to choose according to t h i s 
technique. Note i t s d i rectedness: k and 1 are 
never considered. And indeed, t h i s theorem is 
proved au tomat ica l l y in one induc t ion on ( j ) . 

The e f f i c i e n c y o f t h i s approach is put in e v i 
dence if we replace j by cons(n , j ) as would be 
done in the generat ion of an induc t ion conclus ion. 
Primary va r i ab le occurrences are the only ones 
which, once replaced by s t r uc tu res , a l low evalua
t i o n to be eventua l l y app l icab le to the whole goal 
( t r y w i t h k and 1 ) . 

The i n t e r e s t i n g f a c t about t h i s approach to i n 
duc t ion va r i ab le se lec t i on i s t ha t genera l i za t ion 
can be i n teg ra ted to i t in a na tu ra l way. Which 
term occurrences in the goal can we consider as 
be t t e r candidates f o r induc t ion than the primary 
var iab les? The answer is s imple: the term occurr 
ences lead ing to them by the ca l l -by-need evalua
t i o n , or in o ther words, the term occurrences in 
which the pr imary va r i ab le occurrences appear. I 
c a l l these pr imary term occurrences, inc lud ing the 
pr imary va r i ab le occurrences. 

The st rong r e l a t i o n between se lec t i on of i n 
duc t ion va r iab les and genera l i za t i on i s t h e o r e t i 
c a l l y supported by Praw i t z ' s r e s u l t s (1971). 

Here is an example w i t h the same f lavour as the 
previous one (the func t i on constant rev denotes 
the reverse f unc t i on on l i s t s ) : 

We do as before except t ha t f o r each term occur r 
ence considered by the ca l l -by-need eva luator , we 
ask the ques t ion : can t h i s occurrence (may be t o 
gether w i t h others) be general ized? This is 

answered negat ive ly or p o s i t i v e l y according to 
whether the prover can or cannot f i n d a counter-
example to the general ized subgoal. In t h i s ex
ample, the answers are negative u n t i l we get to 
r e v ( j ) : i f we replace both occurrences o f i t by 
a v a r i a b l e , the new subgoal is s t i l l achievable 
( i t is ac tua l l y the same as in the previous ex
ample) . The new va r i ab le is chosen to be the i n 
duct ion v a r i a b l e . 

The advantage of t h i s purposeful genera l i za 
t i o n is tha t we can meaningful ly general ize on ly 
ce r t a i n occurrences of a term and in p a r t i c u l a r 
of a v a r i a b l e . For example, w i t h : 

i 

we f i n d tha t the f i r s t and the f o u r t h occur r 
ences of j are primary occurrences. We t r y to 
general ize them to a new va r iab le which success
f u l l y y i e l d s : 

This subgoal can be proved in one induc t ion on 
( k ) . 

Note two p o i n t s : (1) a search mechanism fo r 
counter-examples is essen t ia l to such a g e n e r a l i 
za t ion method and (2) the approach of Brotz 
(1974), and Boyer and Moore (1975) to g e n e r a l i 
za t ion as separated from induc t ion va r i ab le 
se lec t ion leads in t h i s example to the nonachiev-
able subgoal 

Some pragmatic aspects must be taken i n t o 
account in the implementation of t h i s method. In 
p a r t i c u l a r , since searching fo r counter-examples 
is time-consuming, we l i m i t genera l i za t ion to 
the cases which have a be t t e r chance of success, 
i . e . , when the term occurrences to genera l ize 
appear on both sides of an equa l i t y or i m p l i c a 
t i o n (Boyer and Moore 1975, Brotz 1974). In 
a d d i t i o n , the above method may propose several 
candidates and the system uses some t i e -b reak ing 
ru les to e lec t a unique one. 

Here is an a d d i t i o n a l example of genera l i za 
t i o n . The o r i g i n a l goal is:. 

subset ( k , k ) . 

The func t ion constant subset is def ined by cases 
on i t s f i r s t argument. No genera l i za t i on is 
poss ib le , in the goal and induc t ion is done on 
( k ) . We ob ta in an induc t ion subgoal f o r which 
the induc t ion hypothesis cannot be used: 

The f i r s t and t h i r d occurrences o f k [ l ] are 
primary and can now be general ized to y i e l d the 
subgoal: 
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Subset 
■> 
Subset cons 
which is e a s i l y proved in one induc t ion on 

Induc t ion Subgoal Generation 

We now want to f i n d the i nduc t ion subgoals, 
given the l i s t o f i nduc t ion v a r i a b l e s . I n p a r t i 
cu l a r , we need to f i n d h e u r i s t i c a l l y j u s t i f i e d 
i n s t a n t i a t i o n s f o r the induc t ion hypotheses. We 
may a lso wish to d iscard some hypotheses judged 
useless; i t should be c lear t h a t t h i s can cut 
down the complexi ty of the subgoals cons iderab ly . 

In order to generate the i nduc t i on subgoals, 
Boyer and Moore (1975) use a method which maps 
the s t r uc tu re of what they c a l l a bomb l i s t i n t o 
the requ i red terms. The bomb l i s t of a goal 
contains in fo rmat ion about how d e f i n i t i o n s f a i l 
to apply to the goa l . In Moore's l a t e r vers ion 
(1975), the corresponding mechanism is d i r e c t l y 
based on func t i on d e f i n i t i o n s . I would argue 
t ha t such techniques whereby induc t ion subgoals 
are more or less d i r e c t l y constructed from func
t i o n d e f i n i t i o n s do not c o n s t i t u t e a sound 
approach. In p a r t i c u l a r , the soundness of the 
Boyer-Moore t a c t i c i s not provab le , a t l eas t f o r 
t h e i r system. 

In my t a c t i c , the h e u r i s t i c - p a r t is separated 
from the nonheur is t i c p a r t . On the one hand, 
a l l i nduc t i on subgoals are generated on the basis 
of type d e f i n i t i o n s . For each of them, the con
c lus ion and a l l the hypotheses are considered. 
Since checking the a d m i s s i b i l i t y o f type d e f i n i 
t i ons i s s t r a i g h t f o r w a r d , i t i s easy t o convince 
onesel f of the soundness of t h i s nonheur is t i c 
p a r t . 

On the other hand, the r o l e of the d e f i n i t i o n s 
o f the f unc t i on constants appearing in the i n 
duc t ion goal does not so beyond g i v i ng in forma
t i o n about the r e j e c t i o n , or the acceptance 
and i n s t a n t i a t i o n of t e n t a t i v e induc t ion hypo
theses, i . e . about the h e u r i s t i c p a r t . Now, 
d iscard ing an induc t ion hypothesis from an i n 
duc t ion subgoal is sound (by the weakening 
ru le ) and preserves the a c h i e v a b i l i t y o f the i n 
duct ion subgoal . Moreover, i n s t a n t i a t i n g an i n 
duct ion hypothesis i s j u s t i f i e d by the i nduc t ion 
r u l e . 

Induc t ion conclusions and hypotheses are a c t 
u a l l y represented as s u b s t i t u t i o n s i n v o l v i n g the 
induc t ion v a r i a b l e s . By apply ing these s u b s t i 
t u t i o n s to the i nduc t i on goal and bundl ing up 
the r e s u l t i n g terms w i t h ■> and &, we e a s i l y ob
t a i n the i nduc t i on subgoals themselves. 

The induc t ion t a c t i c f i r s t f i nds the conclus
ion s u b s t i t u t i o n s . For each v a r i a b l e , the a lgo 
r i t hm generates the s t ruc tu res represent ing a l l 
the values t h a t can be assumed by the v a r i a b l e 
(the system can do induc t ion from any number of 
bases). Then, the conclusion s u b s t i t u t i o n s are 
constructed by successively b ind ing the induc
t i o n va r iab les to each o f t h e i r corresponding 

s t r u c t u r e s . 

As an example, take the i nduc t i on goal ack(n,m) 
>zero; the i nduc t i on va r iab les (n,m) are s e l e c t 
ed. The f unc t i on ack is def ined t hus : 

Next, f o r each conclusion s u b s t i t u t i o n , we have 
to f i n d zero or more hypothesis s u b s t i t u t i o n s , 
according to our lex icograph ic o r d e r i n g . 

Consider any conclusion s u b s t i t u t i o n . We 
simply have to f i n d the immediate predecessors 
o f the l i s t c* (x* ) o f s t ruc tu res bound to the 
i nduc t ion v a r i a b l e s , t ha t i s , f o r a l l i ( l < i < n ) , 

In our examples, we get the f o l l o w i n g r e s u l t s : 

(1) No s u b s t i t u t i o n s , since zero has no 
proper subs t ruc tu res . 

Funct ion d e f i n i t i o n s come i n t o the p i c t u r e to 
serve two purposes: (1) to r e j e c t a hypothesis 
s u b s t i t u t i o n i f no use can be foreseen f o r i t , 
and (2) to f i n d re levan t instances f o r the f ree 
v a r i a b l e s . Roughly speaking, the s t ra tegy 
app l ies hypothesis and conclusion s u b s t i t u t i o n s 
t o the i nduc t i on g o a l , s i m p l i f i e s the r e s u l t i n g 
terms ( i n p a r t i c u l a r , using f unc t i on d e f i n i t 
ions) , and then t r i e s to match pa r t s of these 
terms: a f a i l u r e counts toward r e j e c t i o n of the 
hypothes is , wh i le a success both counts toward 
i t s r e t e n t i o n and provides instances f o r the 
f ree v a r i a b l e s . 

In the Ackermann's example, we have t h a t : 

(1) There is a l ready no hypotheses 

(2) The t e n t a t i v e hypothesis is discarded 
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since the d e f i n i t i o n o f ack is not r e 
curs ive f o r t h i s case and matching cannot 
even be at tempted. 

(3) By apply ing the d e f i n i t i o n of ack to the 
conclusion and matching, we f i n d the i n 
stance succ(zero) f o r the f ree va r iab le 
» [ i ] . 

(4) There are two recurs ive c a l l s of ack fo r 
t h i s case; we set two matches and r e t a i n 
both hypotheses, l e t t i n g s [ 2 ] be 
a c k ( s u c c ( n [ l ] ) , m [ l ] ) . 

So, f i n a l l y , the four f o l l ow ing induc t ion sub-
goals are generated: 

(1) ack(zero,zero) > zero 

(2) ack (zero ,succ(m[ l ] ) ) > zero 

(3) ack (n [ l ] , succ ( ze ro ) ) > zero 
=> ack ( succ (n [ l ] ) , ze ro ) > zero 

(4) 

This method i s not f o o l p roo f : i t w i l l some
times r e t a i n hypotheses which are in f a c t useless 
(as above), and sometimes d iscard use fu l hypothe
ses. But, in genera l , i t e r rs on the safe s ide . 

Other St ra teg ies 

Other s t r a teg ies are not so much d i r e c t l y r e 
l a ted to using the induc t ion r u l e . 

I n d i r e c t Genera l iza t ion 

I n the f o l l ow ing d e f i n i t i o n : 

the nonrecursion argument k does not stay f i xed on 
the r i g h t , but becomes cons (n ,k ) . The i n t e r e s t of 
such d e f i n i t i o n s l i e s i n the f a c t t ha t f o r the 
c lass o f problems s tud ied , they are l i t e r a l t r a n s 
l a t i o n s of i t e r a t i v e programs. Such nonf ixed non-
recurs ion arguments are c a l l e d accumulators 
( f o l l ow ing Moore (1975)) , since they can be con
s idered as ho ld ing cur ren t values of computations. 

Quite o f t e n , accumulators have to be genera l 
ized when they are not v a r i a b l e s . For example, 
we should genera l ize n i l in the goal r ev2a (k ,n i l ) 
- r e v ( k ) . Since i t w i l l not match c o n s ( n [ l ] , n i l ) 
in the s i m p l i f i e d conclusion of an induc t ion on 
( k ) . However, we do not have an occurrence on 
both sides of «. How can we massage our goal so 
as to make n i l recur on the r i g h t of the equa l i ty? 
I n t u i t i v e l y , i f we know t h a t l < > n i l " l , we can r e 
w r i t e rev(k) as r e v ( k ) < > n i l . So, the goal be
comes r e v 2 a ( k , n i l ) « r e v ( k ) < > n i l , and n i l occurs on 
both s ides . What if we replace it by a new var 
iab le? We get r e v 2 a ( k , l ) = r e v ( k ) < > l , which is 
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proved eas i l y by inducing on ( k ) , since 1 can now 
be replaced by c o n s ( n [ l ] , l ) in the induc t ion hy
pothes is . S imi la r genera l i za t ions can be found 
automat ica l ly f o r na tu ra l numbers and l i s t s by a 
method using spec ia l i za t i on as a means of achiev
ing gene ra l i za t i on . 

Replacement and Strengthening 

These t a c t i c s are responsible fo r using the 
induct ion hypotheses and is an adaptat ion of a 
method already experimented w i t h by Brotz (1974) 
and espec ia l l y Boyer and Moore (1975). For those 
members of the antecedent of a goal which are 
e q u a l i t i e s , i t t r i e s t o replace the r i g h t by the 
le f t -hand s ide , or v i ce -ve rsa , in one or more 
members of the consequent. So, gross ly speaking, 
i t reduces s= t=>u [ t / z ] t o s= t=>u [s / z ] , o r v i ce 
versa. A strengthening t a c t i c is used concurr
e n t l y . In e f f e c t , the antecedent members of an 
imp l i ca t i on which are involved in replacement are 
discarded from the antecedent, i . e . s= t«>u[s /z ] 
i s reduced to u [ s / z ] . This i s ca l l ed strenghen-
ing since i t is the inverse of the weakening 
r u l e . 

These t a c t i c s are w e l l j u s t i f i e d and preserve 
a c h i e v a b i l i t y when they invo lve induc t ion hypo
theses, but replacement w i t h e q u a l i t i e s not con
s t ra ined by induc t ion requi res a new approach. 

S p l i t t i n g 

The prover s p l i t s con junct ions, t h a t i s , i t 
reduces a goal of the form s&t to the subgoals s 
and t . This t a c t i c preserves a c h i e v a b i l i t y . 
Brotz (1974) used i t , but not Boyer and Moore 
(1975). 

Contract ion 

S i m p l i f i c a t i o n 

This i s the most important t a c t i c besides i n 
duc t ion . The s i m p l i f i c a t i o n problem s p l i t s i n t o 
three subproblems: (1) one of l o g i c a l equivalence 
between terms before and a f t e r s i m p l i f i c a t i o n , 
(2) one of complexity measure f o r terms, and (3) 
one of s e l e c t i o n , i . e . , what to replace by what 
in the terms to be s i m p l i f i e d . This l a s t ques
t i o n is perhaps the most i n t e r e s t i n g . 

The method used in t h i s prover is i n sp i r ed 
from Vu i l l em in ' s ca l l -by-need computation r u l e 
(1973). Appl ied to s i m p l i f i c a t i o n , the r u l e 
says: se lec t the lef tmost-outermost subterm which 
can be s i m p l i f i e d ( i . e . cal1-by-name), but take 
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the maximum advantage of shared subterms. Because 
a l l terms have the same i n t e r n a l representa t ion 
(a t h r e e - f i e l d r eco rd ) , the t a c t i c can deal w i t h 
va r iab les and f unc t i on app l i ca t i ons i n d i s t i n g u i s h -
ab l y ; moreover the program which app l ies a s u b s t i 
t u t i o n does not do undue copying. So, once a 
term t has been f u l l y s i m p l i f i e d , the r e s u l t i n g 
term s , whether i t i s a va r i ab le o r no t , i s c o p i 
ed i n t o the record of term t , whose boolean f i e l d 
is set to t r u e . Thus any superterm which shared 
term t now shares i t s s i m p l i f i e d equiva lent s. 

The second h a l f of the se lec t i on quest ion con
cerns the order in which the var ious s i m p l i f i c a 
t i o n ru l es are app l ied on a given term. This 
prover t r i e s successively (1) pure s i m p l i f i c a t i o n 
r u l e s , (2) k - recurs ive d e f i n i t i o n s , and (3) nor 
ma l i za t i on r u l e s . The ru les are f u r t h e r ordered 
w i t h i n each category according to other c r i t e r i a . 

The gain in e f f i c i e n c y due espec ia l l y to the 
shar ing o f s t ruc tu res is very impor tant . 

Conclusion 

The st rong po in ts of t h i s theorem proving sys
tem are (1) i t s typed language, (2) i t s mechanism 
fo r se lec t i ng induc t ion va r iab les and gene ra l i z 
i n g , (3) i t s sound way of generat ing induc
t i o n subgoals, and (4) i t s f a s t s i m p l i f i c a t i o n 
a lgo r i t hm. 

However, i t s formal system is s t i l l too weak: 
one would l i k e to re lax the r e s t r i c t i o n s on 
q u a n t i f i c a t i o n , and on type and func t i on d e f i n i 
t i o n s . I t i s a lso c lear t h a t the pure backward 
search is too l i m i t i n g and the discovery of use
f u l lemmas on a reasonably large scale w i l l r e 
qu i re more of the user ( i n t e r a c t i v e l y or n o t ) . 

Two recent works have proposed so lu t ions to 
such problems and others addressed in t h i s paper. 
Ca r tw r i gh t ' s system (1976) inc ludes ax iomat i ca l l y 
def ined types constra ined to denote the same do
mains as the type constants descr ibed in t h i s 
paper. Since h i s language is not typed (despite 
h i s c l a i m ) , h i s induc t ion r u l e i s more power fu l . 
Moreover, h i s system accepts a l l computable func
t i o n s . His search s t ra tegy is c r u c i a l l y depend
ent on i n t e r a c t i o n w i th a user. 

Boyer and Moore (1977) have a new and even 
more powerful system since t h e i r types can be de
f i ned ax iomat i ca l l y i n t o t a l freedom. I t can 
accept any t o t a l f unc t i on (then one can only con
clude t ha t t h e i r language is not enumerable:). 
The add i t i ona l t yp ing freedom increases the com
p l e x i t y of the proofs found by t h e i r automatic 
search s t ra tegy , but they have the f a c i l i t y of 
spec i fy ing any usefu l lemmas to the prover p r i o r 
to at tempt ing a p roo f . 
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Appendix 1 

Compiling A lgor i thm fo r Expressions 

In the concrete syntax used by the computer 
program, type and f unc t i on d e f i n i t i o n s are input 
as POP-2 l i s t s . The f o l l ow ing simple compi l ing 
a lgor i thm fo r expressions i l l u s t r a t e s the use of 
such d e f i n i t i o n s . S im i la r a lgor i thms can be 
found in B u r s t a l l (1969); in Mi lner and Weyrauch 
(1972) and Car twr ight (1976), who obtained a 
correctness proof i n t e r a c t i v e l y by machine; and 
in Boyer and Moore (1977) who got an automatic 
proof as I d i d . Note the presence of vacuously 
def ined type and func t i on constants . 

We s t a r t by de f i n i ng the syntax of the source 
language of expressions by means of type d e f i n i 
t i o n s : 

[NAME] 
[OPERATOR] 
CEXPRESS [SIMPLE NAME] 

[COMPOUND OPERATOR EXPRESS EXPRESS]] 

Wri t ten in the form used in the body of t h i s 
paper, t h i s l a s t type d e f i n i t i o n , f o r example, 
would read; [simple:name | compound:operator,ex
press, express] -► express. 

Type d e f i n i t i o n s are also used fo r the semant
ic domains. States are intended to map names to 
numbers. Our f i r s t - o r d e r l og i c forces us to g ive 
a func t i on which appl ies an ob jec t of type 
FUNCTION to two numbers. We assume tha t the va r 
iab les F, and M and N have been declared to be of 
type FUNCTION and NAT respec t i ve l y : 

[FUNCTION] 
[NAT [ZERO] [SOCC NAT]] 
[STATE] 
[[[APPLY F M N] NAT] [ ] ] 

The fo l l ow ing semantic funct ions g ive the 
meaning of the syn tac t i c cons t ruc ts ; MSE can be 
said to be an i n t e r p r e t e r . NM is a va r i ab le of 
type NAME; ST, of type STATE; OP, of type OPERA
TOR; and E, E l , and E2, of type EXPRESS: 

I 

N e x t , v/e t u r n t o t h e t a r a e t l a n o u a a e . S y n 
t a c t i c a l l y , i t i s a s e t o f p rog rams w h i c h a r e 
l i s t s o f i n s t r u c t i o n s . P o s t f i x e d n o t a t i o n i s u s 
e d . We a l s o g i v e a f u n c t i o n to c o n c a t e n a t e two 
t a r g e t l anguage p r o g r a m s . PR, P R l , and PR2 a r e 
v a r i a b l e s o f t y p e PROGRAM; and I N , o f t y p e I N 
STRUCT: [INSTRUCT [OPERATE OPERATOK] [FETCH NAME]] 

[PROGRAM [NULLPR] [ADD INSTRUCT PROGRAM]] 
[[[CONCAT PRl PR2] PROGRAM] 

[CASKS PRl 
[[NULLPR] PR2] 
[[ADD IN PRl ] 

[ADD IN [CONCAT PRl P R 2 ] ] ] ] ] 
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We def ine the semantic domains f o r the t a rge t 
language (pushdowns and s t o r e s ) , together w i t h 
se lec t i ng func t ions f o r inspec t ing t h e i r c o n s t i t 
uents. PD is a va r i ab le of type PUSHDOWN; and 
STR, of type STORE: 

In other words, we get the same s tore if we 
compile an expression and execute the r e s u l t i n g 
program, given a s torage, as if we i n t e r p r e t the 
expression w i t h the s ta te of the g iven s tore and 
push the r e s u l t down onto the stack of the s t o r e , 
leav ing i t s s ta te unchanged. 

This statement can be proved au tomat ica l l y by 
the theorem prover w i t h the he lp of the lemma: 

which can be proved au tomat ica l l y on i t s own. 

Appendix 2 

Note on Implementation and Results 

The prover is implemented in POP-2. The t ime 
taken f o r f i n d i n g a proof va r ies from a few sec
onds to a few hundred seconds. This is essent
i a l l y dependent on the extent in which counter-ex
amples have to be searched f o r . The proof of the 
compi l ing a lgo r i t hm, which does not invo lve any 
gene ra l i za t i ons , takes only 25 seconds. This 
prover could prove most theorems in Brotz (1974) 
and Boyer and Moore (1975), p lus many new ones. 

These theorems were proved using only a core of 
basic lemmas in the subtheory of booleans. How
ever, the proofs of some of the hardest theorems, 
( e . g . , the compiler correctness) requ i red t h a t 
e q u a l i t i e s of o ther subtheories be added to the 
set of s i m p l i f i c a t i o n ru les before they were 
attempted. 

B ib l iography 

Aubin, Raymond. "Mechanizing s t r u c t u r a l induc
t i o n . " Ph.D. t h e s i s , Un ive rs i t y o f Edinburgh, 
Edinburgh, 1976. 

Boyer, Robert S . , and Moore, J. "A lemma dr iven 
automatic theorem prover f o r recurs ive func
t i o n t h e o r y . " Computer Science Lab. SRI, 1977. 

Boyer, Robert S . , and Moore,J. "Proving theorems 
about LISP f u n c t i o n s . " J. ACM 22, 1 (1975): 
129-144. 

Bro tz , Douglas K. "Embedding h e u r i s t i c problem 
so lv ing methods in a mechanical theorem prov
e r . " STAN-CS-74-443, Computer Science Dept . , 
Stanford Univ. 1974. 

B u r s t a l l , R.M. "Proving p roper t ies of programs 
by s t r u c t u r a l i n d u c t i o n . " Comp.J. 12, 1 
(1969): 41-48. 

Car twr igh t , Robert. "User-def ined data types as 
an a id to v e r i f y i n g LISP programs." In Proc. 
C o l l . Aut . Lang, and Prog . , pp.228-256. Ed. 
S. Michaelson and R. Mi lner . Edinburgh: 
Edinburgh Un ive rs i t y Press, 1976. 

Gentzen, Gerhard. Recherche sur la deduct ion 
log ique . Trad, et coram. R. Feys et 
J. Lad r ie re . Pa r i s : PUF, 1955. 

Gordon, M.; M i lner , R.; and Wadsworth, C. "Ed in
burgh LCF." Dept. of Computer Science, Univ. 
of Edinburgh, 1977. 

Hoare, C.A.R. "Recursive data s t r u c t u r e s . " 
I n t . J. Comp. and I n f . Sc. 4,2 (1975): 105-
132. 

M i lner , R., and Weyrauch, R. "Proving compiler 
correctness in a mechanized l o g i c . " In Mach
ine I n t e l l i g e n c e 7, pp. 51-70. Ed. B.Meltzer 
and D. Mich ie. Edinburgh: Edinburgh Univer
s i t y Press, 1972. 

Moore, J S t ro the r . "Computational l o g i c : s t r u c 
tu re sharing and proof of program p r o p e r t i e s . " 
Ph.D. t h e s i s , Univ. of Edinburgh, Edinburgh, 
1973. 

Moore, J S t ro the r . " In t roduc ing i t e r a t i o n i n t o 
the pure LISP theorem-prover." IEEE Trans. 
So f t . Eng. 1, 3 (1975): 328-338. 

Prawi tz , Dag. "Ideas and r e s u l t s of proof 
t heo ry . " In Proc. 2nd Scand. Log. Symp., 
pp. 235-307. Ed. J. Fenstad. Amsterdam: 
Nor th-Hol land, 1971. 

V u i l l e m i n , Jean E. "Proof techniques f o r recu r 
s ive programs." Memo AIM-218/STAN-CS-73-393, 
Computer Science Dept . , Standord Univ. 1973. 

Knowledge A c q . - 4 : Aubin 
360 


