
SEMANTIC RESOLUTION FOR HORN SETS 

A b s t r a c t 

A new r e s o l u t i o n s t r a t e g y f o r Horn se ts of 
c l a u s e s , each c lause of wh ich c o n t a i n s no more 
than one p o s i t i v e l i t e r a l , I s p resented wh ich 
r e q u i r e s t h a t i n each r e s o l u t i o n e i t h e r one an 
ces to r be a f a l s e p o s i t i v e u n i t or t h a t one 
ances to r and the r e s o l v e n t bo th be f a l s e . T h i s 
s t r a t e g y emphasizes " r e l e v a n t " p o s i t i v e u n i t s 
w h i l e c o n t r o l l i n g the e x p l o s i v e n o n - u n i t r e s o l u 
t i o n . Some p r o p e r t i e s o f i n t e r p r e t a t i o n s f o r 
Horn se ts are rev iewed and used to s i g n i f i c a n t l y 
reduce the computa t ion and s torage r e q u i r e d to 
Implement semantic r e s o l u t i o n f o r Horn s e t s . Th is 
work was suppor ted in p a r t by the N a t i o n a l Science 
Foundat ion and Argonne N a t i o n a l L a b o r a t o r y . 

I . I n t r o d u c t i o n 

Since the I n t r o d u c t i o n o f r e s o l u t i o n f o r 
automated theorem p r o v i n g , one l i n e o f e f f o r t has 
been t o deve lop s t r a t e g i e s and h u e r t s t l c s f o r 
s p e c i a l c l asses o f c lause se ts o r s p e c i a l c l asses 
of p rob lems. One such c l a s s is the c l a s s of Horn 
s e t s . Recent i n t e r e s t In Horn se ts [ 3 , 6 ] stems 
from the f a c t t h a t many s t r a t e g i e s t h a t are not 
complete i n gene ra l a re complete f o r Horn s e t s . 
For example, p o s i t i v e u n i t r e s o l u t i o n , wh ich f o r 
Horn se ts I s j u s t P i r e s o l u t i o n , i s comp le te . 
Negat ive r e s o l u t i o n I s j u s t s e t - o f - s u p p o r t r e s o l 
u t i o n w i t h the set o f suppor t the nega t i ve c l a u s e . 
F a c t o r i n g I s not necessary i n o rder t o r e f u t e a n 
u n s a t i s f t a b l e set o f Horn c lauses [ 3 ] , I n a d d i 
t i o n to possess ing many u s e f u l and i n t e r e s t i n g 
p r o p e r t i e s , Horn se ts occur q u i t e o f t e n i n p r a c 
t i c e . For example, the axiom systems f o r g roups , 
r i n g s , and many o the r a l g e b r a i c systems have Horn 
se ts as the n a t u r a l t r a n s l a t i o n I n t o c lause fo rm 
as do v a r i o u s f o rma l systems (see e . g . , Hermes 
[ 4 ] ) . Horn c l auses a l s o have a g r e a t d e a l o f 
i n t u i t i v e a p p e a l , f o r the Horn c lause 
-L k VM is l o g i c a l l y e q u i v a l e n t to 
That is a Horn c lause r e p r e s e n t s an i m p l i c a t i o n 
in wh ich each o f the an teceden ts i s a p o s i t i v e 
u n i t ( o r i n t u i t i v e l y , a s imple s tatement o f f a c t 
or h y p o t h e s i s ) and the consequent is a l s o a p o s i 
t i v e u n i t . Many mathemat ica l axioms and theorems 
take t h i s f o rm . F i n a l l y , one can app l y the s p l i t 
t i n g techn iques developed i n [ 3 ] t o reduce a 
non-Horn set o f c lauses to a c l a s s o f Horn s e t s ; 
t h u s , the theo ry developed f o r Horn se ts can be 
a p p l i e d i n d i r e c t l y t o non-Horn sets as w e l l . The 
purpose o f t h i s paper is to p resent a new s t r a t e 
gy ( e s s e n t i a l l y a sharpen ing of semant ic r e s o l u 
t i o n ) t h a t i s complete f o r Horn se ts and t o d i s 
cuss some i n t e r e s t i n g p r o p e r t i e s of Horn s e t s 
t h a t g r e a t l y s i m p l i f y the imp lemen ta t i on o f 
semantic r e s o l u t i o n f o r those s e t s . 

Whi le many methods f o r r e s o l u t i o n are com
p l e t e f o r Horn s e t s , some d e s i r a b l e comb ina t ions 
of s t r a t e g i e s are not complete t oge the r even when 
the c l a s s o f problems i s r e s t r i c t e d t o Horn s e t s . 
Two such s t r a t e g i e s are p o s i t i v e - u n i t r e s o l u t i o n 
and s e t - o f - s u p p o r t r e s o l u t i o n [ 3 ] , R e s t r i c t i n g 

r e s o l u t i o n t o u n i t r e s o l u t i o n avo ids the combina
t o r i a l e x p l o s i o n o f the number o f c l auses gener
a ted on the v a r i o u s l e v e l s t h a t i s u s u a l l y p resen t 
when n o n - u n i t r e s o l u t i o n i s a l l o w e d . Fo r , I n the 
l a t t e r case , when f o r ced I n t o the n o n - u n i t s e c t i o n 
of a theorem p r o v e r , a program u s u a l l y must t r y 
r e s o l u t i o n o n a l l p a i r s o f l i t e r a l s f rom a p a i r 
o f n o n - u n i t c l a u s e s . (When o r d e r i n g or l o c k 
r e s o l u t i o n [ 2 ] i s used t h i s i s no t the case; 
however, these methods are not compat ib le w i t h 
many o f the more s u c c e s s f u l s t r a t e g i e s l i k e set o f 
s u p p o r t . ) Thus, once the program leaves the u n i t 
s e c t i o n , even f o r j u s t one l e v e l , r e l a t i v e l y l a r g e 
numbers o f r e s o l v e n t s are g e n e r a t e d . Then in 
d e v e l o p i n g a s t r a t e g y t h a t i s no t compa t i b le w i t h 
u n i t r e s o l u t i o n , g rea t care must be taken to 
c o n t r o l the n o n - u n i t r e s o l v e n t s t h a t are a l l owed 
to be generated l e s t the c o m b i n a t o r i a l l y e x p l o s i v e 
n o n - u n i t s e c t i o n undo the sav ings t h a t the 
s t r a t e g y y i e l d s i n the u n i t s e c t i o n . O f cou rse , 
semantic r e s o l u t i o n [ 2 ] has as i t s main goa l t o 
r e s t r i c t the r e s o l v e n t s generated t o those t h a t 
are h i g h l y l i k e l y to be r e l e v a n t to the p r o o f by 
t a k i n g i n t o account the i n tended meaning o f the 
c l a u s e s . I n semantic r e s o l u t i o n , an i n t e r p r e t a 
t i o n I o f the symbols o f the language is i n p u t to 
the theorem p rove r a long w i t h the set o f c lauses 
to be r e f u t e d . Then one paren t in each r e s o l u t i o n 
i s r e q u i r e d t o b e f a l s e i n I . The idea I s t h a t 
two c lauses wh ich are b o t h t r u e are l e s s l i k e l y 
to produce a d e d u c t i o n l e a d i n g to a c o n t r a d i c t i o n 
than are two c lauses one of wh ich Is f a l s e . The 
most w i d e l y - u s e d s p e c i a l case o f semant ic r e s o l u 
t i o n i s s e t - o f - s u p p o r t r e s o l u t i o n i n wh ich the 
i n t e r p r e t a t i o n I s a t i s f i e s j u s t the axioms and i s 
on l y I m p l i c i t l y p r e s e n t . In Sec t i on 2 we develop 
a s t r a t e g y wh ich is a comb ina t i on (bu t no t the 
i n t e r s e c t i o n ) o f p o s i t i v e - u n i t r e s o l u t i o n and 
s email t i c r e s o l u t i o n . 

One d i f f i c u l t y w i t h semant ic r e s o l u t i o n i s 
t h a t i f the domain o f the i n t e r p r e t a t i o n c o n t a i n s 
more than a few e lements the computa t ion r e q u i r e d 
to f u l l y eva lua te a non-ground c lause may be too 
t ime consuming. In a d d i t i o n the re i s a problem 
of how to r ep resen t f o r each c lause the se ts o f 
domain elements f o r wh ich the c lause is t r u e and 
those f o r wh ich the c lause i s f a l s e . For these 
r e a s o n s , most a p p l i c a t i o n s o f semant ic r e s o l u t i o n 
have used on ly ve ry s imple i n t e r p r e t a t i o n s ; f o r 
example, the i n t e r p r e t a t i o n i n wh ich a l l l i t e r a l s 
are f a l s e y i e l d s P I r e s o l u t i o n . In S e c t i o n 3 the 
problem of r educ ing the amount of computa t ion and 
s torage r e q u i r e d f o r e v a l u a t i n g Horn c lauses 
based on the use of c ross p roduc ts o f i n t e r p r e 
t a t i o n s w i l l b e d i s c u s s e d . Sec t i on 4 w i l l 
c o n t a i n some conc lud ing remarks . 

I I . Completeness o f P o s i t i v e - u n i t 
Semantic R e s o l u t i o n f o r Horn Sets 

The reader i s assumed to be f a m i l i a r w i t h 
the r e s o l u t i o n p r i n c i p l e f o r f i r s t o r d e r l o g i c 
and the t e r m i n o l o g y r e l a t e d t o I t . The d e f i n i 
t i o n s necessary f o r the p a r t i c u l a r theorems t o 
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be proved w i l l be p r e s e n t e d ; then some lemmas w i l l 
be r e c a l l e d and the completeness of the s t r a t e g y 
p roved . 

DEFINITION: A Horn c lause is a c lause c o n t a i n i n g 
not more than one unnegated l i t e r a l . A Horn set 
is a set o f Horn c l a u s e s . 

DEFINITION: An i n t e r p r e t a t i o n I f o r a set S of 
c lauses c o n s i s t s of a non-emoty domain D of 
o b j e c t s and an assignment o f the p r e d i c a t e , f u n c 
t i o n and cons tan t symbols o c c u r r i n g in S such t h a t 
each n -a ry p r e d i c a t e symbol is ass igned an n -a ry 
r e l a t i o n on D, each n -a ry f u n c t i o n symbol i s 
ass igned an n -a ry f u n c t i o n on D i n t o D, and each 
cons tan t symbol is ass igned an element of D. 

an a i d in g u i d i n g a program to the gene ra t i on o f 
the empty c l a u s e , the idea be ing t h a t i n o rder to 
generate the c o n t r a d i c t i o n t h a t produces the 
empty c l a u s e , i . e . , f a l s e h o o d , one shou ld use 
c lauses t h a t are themselves f a l s e . P o s i t i v e - u n i t 
r e s o l u t i o n has as i t s goal the e l i m i n a t i o n o f a 
c l a s s o f r e s o l u t i o n s t h a t produces c o m b i n a t o r i a l l y 
l a r g e numbers o f new c l a u s e s . In a d d i t i o n , the re 
is an i n t u i t i v e appeal to p o s i t i v e u n i t s as con
v e y i n g more i n f o r m a t i o n than o the r c lauses s ince 
i t i s g e n e r a l l y more u s e f u l t o know t h a t a p a r t i 
c u l a r p r o p e r t y ho lds than to know j u s t t h a t one 
of a number of s ta tements ho ld (see [ 3 ] f o r a 
more complete d i s c u s s i o n o f the advantages o f u n i t 
r e s o l u t i o n ) . A s t r a t e g y t h a t was based on bo th of 
these i n t u i t i v e l y appea l i ng ideas would seem to be 
a good cand ida te f o r an e f f i c i e n t theorem prover 
f o r Horn s e t s . Since the i n t e r s e c t i o n o f the two 
cannot be complete c o n d i t i o n s must be r e l a x e d 
and /o r a l t e r e d in such a way as not to lose the 
advantages o f the two c o n s t i t u e n t s t r a t e g i e s . 
I n p a r t i c u l a r , r e l a x i n g the c o n d i t i o n s t o a l l o w 
n o n - u n i t r e s o l u t i o n must be done w i t h extreme 
c a r e . 

I n the s t r a t e g y p resen ted be low, t h i s r a t e 
o f g rowth w i l l b e c o n t r o l l e d b y r e q u i r i n g t h a t 
f o r n o n - u n i t r e s o l u t i o n s one pa ren t and the 
r e s o l v e n t b o t h be f a l s i f i e d by the i n t e r p r e t a t i o n . 
Since the number o f f a l s e r e s o l v e n t s genera ted by 
a f a l s e c lause w i l l g e n e r a l l y be sma l le r than the 
t o t a l number o f r e s o l v e n t s t h a t the f a l s e c lause 
cou ld g e n e r a t e , t h i s new r e s t r i c t i o n shou ld cu t 
down the number o f c lauses t h a t w i l l be genera ted 
b y n o n - u n i t r e s o l u t i o n . W i t h t h i s r e s t r i c t i o n 
o n the n o n - u n i t s e c t i o n , a n a d d i t i o n a l r e s t r i c t i o n 
can be p laced on the p o s i t i v e - u n i t s e c t i o n - -
namely, t h a t the p o s i t i v e u n i t must be f a l s e . The 
n e t e f f e c t o f these m o d i f i c a t i o n s i s t o produce 
a s t r a t e g y t h a t combines the advantages of 
p o s i t i v e - u n i t r e s o l u t i o n and semant ic r e s o l u t i o n 
and t h a t r e l i e s e s p e c i a l l y h e a v i l y on the seman
t i c s , p r o v i d e d by the user i n the form o f an 
I n t e r p r e t a t i o n , t o guide i t t h rough the dangerous 
n o n - u n i t s e c t i o n . A l s o , i f the i n t e r p r e t a t i o n 
does not f a l s i f y any ax iom, as would be the u s u a l 
case , then as i n s e t - o f - s u p p o r t p a i r s o f axioms 
w i l l no t b e a l l owed t o r e s o l v e d i r e c t l y even 
when one of them is a p o s i t i v e u n i t , a s h o r t 
coming o f j u s t p o s i t i v e - u n i t r e s o l u t i o n (and 
i n d e e d , o f h y p e r r e s o l u t i o n I n g e n e r a l ) . F i n a l l y , 
the reader may a l s o no te a g r e a t s i m i l a r i t y 
between the method used in the completeness p r o o f 
here and o f b i l i n e a r r e s o l u t i o n o f Kuehner [ 6 ] . 
There , o f c o u r s e , t he re i s n o r e s t r i c t i o n o n 
p o s i t i v e - u n i t r e s o l u t i o n . A l s o the n o n - p o s i t i v e -
s e c t i o n of a b i l i n e a r program is based p u r e l y on 
s y n t a c t i c c o n s i d e r a t i o n s , i . e . , o n the use o f 
n e g a t i v e c l a u s e s . 

Be fo re p r o v i n g the completeness of the new 
s t r a t e g y , some p r e v i o u s l y proved r e s u l t s [ 3 ] on 
Horn se ts are r e c a l l e d and some lemmas are p r o v e d . 
The ground case is cons ide red f i r s t . The 
f o l l o w i n g two lemmas f rom [ 3 ] are r e c a l l e d . 

DEFINITION: A set S of c lauses is m i n i m a l l y 
u n s a t l s f l a b l e i f S I s u n s a t l s f l a b l e b u t n o p roper 
subset o f S I s . 

LEMMA 1. (LEMMA 1 f rom [ 3 ] ) I f S is an u n s a t l s 
f l a b l e set of Horn c lauses then the re is a 

47 

I n [ 3 ] i t was shown t h a t any u n s a t l s f l a b l e 
Horn set has a p o s i t i v e - u n i t r e f u t a t i o n b u t t h a t 
f o r an a r b i t r a r y set o f s u p p o r t , T , t he re may not 
be a T -suppor ted p o s i t i v e - u n i t r e f u t a t i o n . That 
i s , the i n t e r s e c t i o n o f the two s t r a t e g i e s , 
p o s i t i v e - u n i t r e s o l u t i o n and s e t - o f - s u p p o r t r e 
s o l u t i o n , i s no t complete f o r the c l a s s o f Horn 
s e t s . Since s e t - o f - s u p p o r t r e s o l u t i o n can be 
viewed as a s p e c i a l case of semantic r e s o l u t i o n 
[ 2 ] , I t f o l l o w s t h a t the i n t e r s e c t i o n o f p o s i t i v e -
u n i t r e s o l u t i o n and semant ic r e s o l u t i o n a l s o i s 
no t complete f o r the c l a s s o f Horn s e t s . Now, 
semant ic r e s o l u t i o n i s a n a t tempt t o b r i n g the 
meaning o f the symbols i n t o the search e f f o r t as 

DEFINITION: A c lause i s f a l s i f i e d by the i n t e r 
p r e t a t i o n I i f i t has a ground instance wh ich is 
f a l s e in I . 

DEFINITION: A c lause i s p o s i t i v e i f i t c o n t a i n s 
o n l y unnegated l i t e r a l s . A c lause i s n e g a t i v e 
i f i t c o n t a i n s o n l y negated l i t e r a l s . A c lause 
is mixed i f t c o n t a i n s b o t h negated and unnegated 
l i t e r a l s . 

DEFINITION: A u n i t is a c lause c o n t a i n i n g one 
l i t e r a l . 

DEFINITION: A r e s o l v e n t of two c lauses A and B 
is a p o s i t i v e - u n i t r e s o l v e n t I f one o f A and B is 
a p o s i t i v e u n i t . A p o s i t i v e - u n i t r e f u t a t i o n o f a 
set S o f c lauses is a r e f u t a t i o n in wh ich each 
r e s o l v e n t i s a p o s i t i v e - u n i t r e s o l v e n t . 

DEFINITION: Given an i n t e r p r e t a t i o n I , a r e s o l 
vent of two c lauses A and B Is a semantic r e s o l 
vent w i t h r e s p e c t to I i f one of A and B is 
f a l s i f i e d by I . A r e f u t a t i o n of a set S of 
c l auses is a semant ic r e f u t a t i o n w i t h r e s p e c t to 
I i f every r e s o l v e n t i n the r e f u t a t i o n i s a seman
t i c r e s o l v e n t w i t h r e s p e c t t o I . 
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the -p . But each of these l i t e r a l s is false so 
that the resolvent of U and C , ca l l it D m,1 is 
false in I . Therefore, th i s resolut ion sa t i s f ies 
condit ion 2 of the theorem. 
another l i t e r a l , say-p wi th 
l i t e r a l that was eliminated in"ff irming the last 
set S ) form the resolvent Dm,2 using Dm,1 and C . 

As above, I) and I) are both fa l se , so condi
t ion 2 is sat isf ied,m ,Cont inue in th is way u n t i l 
a l l negative l i t e r a l s that were deleted in forming 
S from S have been resolved away. Call the 
m , m-1 , J 

resu l t ing clause D . Note that each negative 
l i t e r a l in a clause1 C. where n - i ^ n corresponds 

i m-1 m * 
t o a l i t e r a l t h a t was e l i m i n a t e d i n f o r m i n g a n 
S , k V i . . T h u s , n o t o n l y i s D f a l s e i n I and K m-1 m 
c o n t a i n s t h e p o s i t i v e l i t e r a l u , i t c o n t a i n s o n l y 
n e g a t i v e l i t e r a l s t h a t were d e l e t e d i n f o r m i n g 
s e t s S w i t h k<m. The above p r o c e s s i s now 
r e p e a t e d r e s o l v i n g away n e g a t i v e l i t e r a l s f r o m 
D t h a t c o r r e s p o n d t o l i t e r a l s t h a t we re 
e l i m i n a t e d i n f o r m i n g S f r o m S „ . C a l l t h e 
r e s u l t o f t h i s s t e p D ™7 As above D i s f a l s e , 
c o n t a i n s thr- p o s i t i v e l i t e r a l u and does n o t c o n 
t a i n a n e g a t i v e l i t e r a l t h a t p a r t i c i p a t e d i n 
f o r m i n g e i t h e r S . o r S . C o n t i n u e in t h i s way 
u n t i l t h e clause™!) i s f o r m e d . I n d e e d , D i s j u s t 
t h e p o s i t i v e u n i t u w h i c h i s f a l s e i n I . M o r e 
o v e r , s i n c e u i s p r e s e n t i n each r e s o l v e n t i n t h e 
s e q u e n c e , a l l t h r i n t e r m e d i a t e r e s o l v e n t s and U 
i t s e l f can b e d i s c a r d e d b y s u b s u m p t i o n once u i s 
g e n e r a t e d . T h a t i s , (S - ( .U } )U | .u } i s u n s a t i s f t a b l e . 
Now t h e f a l s e p o s i t i v e u n i t u can be used t o 
e l i m i n a t e t h e l i t e r a l u a l t o g e t h e r a s i n Case a 
a b o v e ; t h e r e s u l t i s a n u n s a t i s f i a b l e Horn s e t 
t h a t c o n t a i n s f e w e r t h a n n a t o m s . The i n d u c t i o n 
h y p o t h e s i s now g i v e s t h e d e s i r e d r e s u l t . T n case 
S c o n t a i n s t h e empty c l a u s e , t h e above p r o c e s s 
can b e used w i t h t h e o n l y m o d i f i c a t i o n b e i n g t h a t 
each o f t h e i n t e r m e d i a t e c l a u s e s does n o t c o n t a i n 
a p o s i t i v e l i t e r a l and t h e f i n a l c l a u s e D . i s t h e 
empty c l a u s e ; t h u s when t he p r o c e s s t e r m i n a t e s , 
t h e r e s u l t i s i n f a c t a r e f u t a t i o n a l l o f whose 
r e s o l u t i o n s s a t i s f y c o n d i t i o n 2 ( see Example 2 ) . 

T h i s c o m p l e t e s t h e i n d u c t i o n s t e p and hence 
a l s o t h e p r o o f o f t h e t h e o r e m . 

The p r o c e s s i n t h e p r o o f o f Theorem 1 w i l l 
now b e i l l u s t r a t e d w i t h two e x a m p l e s . 

EXAMPLE 1 . L e t S b e t h e s e t o f c l a u s e s [ r , - r q , 
- r s , - q - s p , - p t , - t j and l e t I b e t he i n t e r p r e t a t i o n 
t h a t a s s i g n s t he v a l u e t r u e t o r , q , and s , and 
f a l s e t o p and t . Now r i s t h e o n l y p o s i t i v e 
u n i t i n S and i t i s t r u e . A c c o r d i n g t o t he 
p r o o f o f t h e t h e o r e m t h e s e t S . * » [ q , s , - q - s p , - p t , 
- t ) w o u l d b e f o r m e d . Then s i n c e b o t h t he p o s i t i v e 
u n i t s o c c u r r i n g i n S a r e t r u e , t he p r o c e s s i n t h e 
p r o o f w o u l d c o n t i n u e t o f i n d t h e se t S2"=[p, - p t ,-t\, 
S ? does c o n t a i n a f a l s e p o s i t i v e u n i t , p . T h e r e f o r e , 
a c c o r d i n g t o t h e p r o o f , t h e c l a u s e - q - s p o f t h e 
o r i g i n a l s e t S c o u l d b e used t o s t a r t a c h a i n o f 
r e s o l u t i o n s t h a t w o u l d r e s u l t i n t h e f a l s e p o s i 
t i v e u n i t p . One w o u l d f i r s t f o r m t he r e s o l v e n t 
o f - q - s p w i t h , s a y , - r s t o g e t t h e c l a u s e - r - q p . 
No te t h a t - q - s p i s f a l s e and t h a t t h e r e s o l v e n t 
- r - q p i s a l s o f a l s e and t h a t t h e o n l y t r u e l i t e r a l 
o f t h e c l a u s e - r s i s t h e p o s i t i v e l i t e r a l s . Now 
t h e r e s o l v e n t o f - r - q p and - r q i s f o r m e d . T h i s 
r e s o l v e n t i s - r p w h i c h i s a l s o f a l s e . F i n a l l y , 
t h e r e s o l v e n t o f t h i s c l a u s e and t h e c l a u s e r i s 

generated. This last resolvent is the positive-
unit p, which is a false positive unit clause. 
This can now resolve with -pt to produce the 
clause t. This clause resolves with the 
unit -t to produce the empty clause. Note 
that a theorem-proving program would not, of 
course, actually generate the sets S. and S ■ they 
were discussed here only to i l lus t ra te the process 
of the proof of Theorem 1. A program would simply 
note that the clause -q-sp was false and that the 
resolvent of -q-sp and -rq was also false and 
therefore legal to add to the set of generated 
clauses. Note that since l i t e ra l s -p might be 
deleted from several clauses in forming the S 
sets, one might expect a considerable amount of 
merging. However, the strategy cannot be 
strengthened to require merging as can be seen by 
noting that if the false clause U has only 2 
l i t e r a l s , i t s resolvent with another Horn clause 
cannot be a merge. 

EXAMPLE 2. Let S be as in Example 1, and let the 
interpretation I assign the value true to a l l 
atoms. The process in the proof of the theorem 
would generate sets S. and S~ as in Example 1. 
However, the positive unit p of S„ is not false 
for this I. Thus the set S ~ [ t , - t } would be 
generated. This set also does not contain a 
false positive unit so the set S,»l empty clause] 
would be generated. Now the empty clause comes 
from the clause -t in S, . As above one would 
start with this clause and work back, resolving 
f i r s t with the clause -pt to produce -p, then 
resolving with -q-sp to produce -q-s and so on. 
Again, an actual program would not consider any 
of the sets S.-S,, but simply which clauses were 
false and had false resolvents. Note that when 
the interpretation makes a l l atoms true the 
refutat ion produced w i l l be an Nl refutat ion, 
and that for Horn sets, such refutations are also 
input refutations [ 3 j . 

It is now shown that Theorem 1 does not 
remain true when the condition of being Horn is 
removed. Let S be the set (pq,-pq,p-q,-p-q} and 
let the interpretat ion I assign true to both p 
and q. Then one can generate resolvents using 
the false clause -p-q producing the two clauses 
-p and -q . However, neither of these can resolve 
with the clause pq since neither is a false posi
t ive unit and in each case the resolvent is not 
false. Thus no refutat ion can be produced 
satisfying the conditions of Theorem 1. Indeed, 
there is no refutat ion even if condition 1 is 
relaxed to read one ancestor is a false positive 
clause instead of un i t . This set of clauses can 
also be used to show that the converse of 
Theorem 1 is not true. Let I assign both p and q 
false. Then the clause pq is false and i t s re
solvent , p, with -qp and i t s resolvent, q, with 
-pq are both false positive units so that these 
resolutions satisfy condition 2. These false 
positive units can be used one after the other to 
produce the empty clause from -p-q. However, S 
is not a Horn set and indeed no renaming of S is 
Horn. We do have the following resul t , however. 

THEOREM 2. Let S be a set of ground clauses 
which is minimally unsatisf iable. If for every 
interpretation 1 there exists a refutation sat is
fying the conditions of Theorem 1, then S is Horn, 
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PROOF. Suppose S c o n t a i n s a non-Horn c l a u s e , say 
C = p q C ' , where p and q are two p o s i t i v e l i t e r a l s . 
Let I be an i n t e r p r e t a t i o n in which b o t h p and q 
are t r u e . Now cons ide r any r e f u t a t i o n R of S. 
Since S is m i n i m a l l y u n s a t l s f i a b l e , C must occur 
in R. Wherever C e n t e r s R the l i t e r a l s p and q 
w i l l e n t e r and w i l l propagate u n t i l one o f them i s 
r e s o l v e d away. Suppose p is the f i r s t o f the two 
from C to be used as a l i t e r a l of r e s o l u t i o n . Now 
the c lause r e s o l v i n g on p w i t h C or i t s descendent 
must c o n t a i n the l i t e r a l - p and t h e r e f o r e c e r t a i n 
ly cannot be a f a l s e p o s i t i v e u n i t . Of cou rse , 
the r eso l vend c o n t a i n i n g p and q a l s o cannot be a 
p o s i t i v e u n i t . Thus c o n d i t i o n 1 cannot be s a t i s 
f i e d . Nex t , the r e s o l v e n t must c o n t a i n the p o s i 
t i v e l i t e r a l q , which i s t r u e i n I . Thus the 
r e s o l v e n t cannot be f a l s e and c o n d i t i o n 2 cannot 
be s a t i s f i e d . The re fo re R cannot s a t i s f y the 
c o n d i t i o n s of Theorem 1. Since R rep resen ted an 
a r b i t r a r y r e f u t a t i o n of S we have a c o n t r a d i c t i o n 
to the hypotheses o f t h i s theorem. 

I t should be p o i n t e d out t h a t the c o n c l u s i o n 
of Theorem 2 is t ha t S is Horn , not j u s t t ha t some 
renaming of S is ( lo rn . Indeed , if a set S has a 
renaming which is Horn but S i t s e l f i s not Horn, 
then S w i l l have an i n t e r p r e t a t i o n I as in the 
theorem r e l a t i v e t o which there i s no r e f u t a t i o n 
s a t i s f y i n g the c o n d i t i o n s o f Theorem 1 . 

THEOREM 3. Let S be an u n s a t i s f i a b l e set of Horn 
c l a u s e s . Let I be an i n t e r p r e t a t i o n over the 
language of S. Then there e x i s t s a r e f u t a t i o n R 
of S such t h a t each r e s o l u t i o n in R s a t i s f i e s one 
o f the f o l l o w i n g two c o n d i t i o n s : 1 . one o f the 
reso lvends i s a p o s i t i v e u n i t which i s f a l s i f i e d 
by 1 , or 2 . one o f the reso lvends and the r e s o l 
vent a re bo th f a l s i f i e d by 1 . 

PROOF. Let S1 be an u n s a t i s f i a b l e set of ground 
i n s t a n c e s of c lauses in S and l e t R1 be a r e f u t a 
t i o n of S ' s a t i s f y i n g the c o n d i t i o n s of Theorem 1 
w t t h 1 as the I n t e r p r e t a t i o n . Let R be the r e f u t a 
t i o n o f S ob ta ined by l i f t i n g R ' in the usua l 
manner. R s a t i s f i e s the c o n d i t i o n s o f t h i s theorem 
as can be seen by the f o l l o w i n g . Suppose p is a 
f a l s e p o s i t i v e u n i t in R ' and p is the co r respond
i n g c lause in R. P cannot c o n t a i n a nega t i ve 
l i t e r a l because i t has a p o s i t i v e c l a u s e , p , as 
an I n s t a n c e . A l s o , P cannot c o n t a i n more than one 
p o s i t i v e l i t e r a l because i t i s e i t h e r i n a Horn 
set or is deduced f rom a Horn set by r e s o l u t i o n 
L 3 ] - Thus P i s a p o s i t i v e u n i t . Moreover , i t has 
p as an I n s t a n c e , and p is f a l s e in I . T h e r e f o r e , 
I f a l s i f i e s P, and the r e s o l u t i o n In R us ing P 
s a t i s f i e s cond l t on 1 o f t h i s theorem i f the c o r r e s 
ponding r e s o l u t i o n in R 1 us ing p s a t i s f i e s c o n d i 
t i o n 1 of Theorem 1. 

In a s i m i l a r way, I f a r e s o l u t i o n in R* 
s a t i s f i e s c o n d i t i o n 2 o f Theorem 1 , the c o r r e s 
ponding r e s o l u t i o n i n R w i l l s a t i s f y c o n d i t i o n 2 
of t h i s theorem because one of the reso l vends and 
the r e s o l v e n t w i l l have i ns tances wh ich are f a l s e 
i n 1 . Since every r e s o l u t i o n i n R ' must s a t i s f y 
one of the two c o n d i t i o n s , the theorem is p roved . 

111 . Imp lementa t ion 

Whi le semantic r e s o l u t i o n has a g rea t dea l of 
i n t u i t i v e a p p e a l , i n a c t u a l p r a c t i c e few theorem-
p r o v i n g methods t h a t have been programmed use any 
but the most t r i v i a l o f I n t e r p r e t a t i o n s f o r the 

languages be ing used and they are u s u a l l y based 
on some s y n t a c t i c a l l y r e c o g n i z a b l e f e a t u r e . For 
example, the u n d e r l y i n g i n t e r p r e t a t i o n f o r P i 
r e s o l u t i o n and a l s o f o r h y p o r r c s o l u t i o n i s the 
i n t e r p r e t a t i o n i n wh ich every p r e d i c a t e symbol i s 
ass igned the r e l a t i o n wh ich i s i d e n t i c a l l y f a l s e , 
and f a l s e c lauses are recogn ized by the l ack of 
n e g a t i v e l i t e r a l s . One would l i k e to see the use 
o f i n t e r p r e t a t i o n s wh ich s a t i s f y , say, the axioms 
o f the mathemat ica l theory under c o n s i d e r a t i o n 
and thus would have the e f f e c t o f f o c u s i n g a t t e n 
t i o n on the s p e c i a l hypotheses and c o n c l u s i o n o f 
the r e s u l t f o r wh ich a p r o o f i s sought , as in 
s e t - o f - s u p p o r t r e s o l u t i o n . The advantage here 
over Just set of suppor t would be t h a t the seman
t i c r e q u i r e m e n t , i . e . , t h a t one ances to r be f a l s e , 
would have e f f e c t a t a l l l e v e l s o f the search 
whereas s e t - o f - s u p p o r t r e s o l u t i o n , w h i l e q u i t e 
e f f e c t i v e a t l e v e l 0 , a l l o w s any l e v e l 1 o r 
g r e a t e r c lause to r e s o l v e w i t h any o the r c l a u s e . 
Or perhaps even b e t t e r , one would l i k e to be a b l e 
to a r range the i n t e r p r e t a t i o n so as to s i n g l e out 
p a r t i c u l a r c lauses as be ing Impor tan t f o r the 
p a r t i c u l a r theorem by making those c lauses f a l s e 
in the i n t e r p r e t a t i o n even I f some do happen to 
be ax ioms. That i s , f o r a p a r t i c u l a r problem the 
user might suspect t h a t a c e r t a i n axiom was 
e s p e c i a l l y r e l e v a n t ; he cou ld ar range t h a t axiom 
to be f a l s e i n the i n t e r p r e t a t i o n thus a l l o w i n g 
i t t o en te r the semantic search a t a n e a r l i e r 
s tage . 

There are two reasons why l i t t l e use has 
been made of semantic i n f o r m a t i o n in theorem 
p r o v e r s . F i r s t , f o r i n t e r p r e t a t i o n s whose 
domains are not f a i r l y s m a l l , d e t e r m i n i n g whether 
o r no t a c lause c o n t a i n i n g v a r i a b l e s i s f a l s i f i e d 
may be a fo rm idab le Job. For example, the s t a n 
dard p a i r o f axioms f o r a s s o c i a t i v i t y i n group 
theory each have 6 v a r i a b l e s . In a domain of 100 
i n d i v i d u a l s , the d e t e r m i n a t i o n t h a t one o f these 
axioms has no f a l s e i n s t a n c e , the normal case , 
would r e q u i r e t e s t i n g 100 d i f f e r e n t 6 - t u p l e s . 
Even w i t h h i g h l y e f f i c i e n t , o p t i m i z e d methods 
such a task would no t l i k e l y be f e a s i b l e . The 
second reason has to do w i t h r e p r e s e n t i n g , f o r a 
g i ven c l a u s e , which va lues f a l s i f y t h a t c l a u s e . 
That i s , hav ing determined whether a c lause 
p o s s i b l y has some i ns tances which are f a l s e , one 
would l i k e t o save t h a t i n f o r m a t i o n . I f a c lause 
C has seve ra l v a r i a b l e s , there may be many t u p l e s 
t h a t f a l s i f y C r e q u i r i n g more s torage to save 
than the i n f o r m a t i o n migh t be w o r t h . The purpose 
o f t h i s s e c t i o n i s t o p resen t methods by wh ich 
these two problems might be overcome. These 
remarks are no t meant to be an exhaus t i ve study 
o f t h i s a r e a ; i n p a r t i c u l a r , t h i s s e c t i o n w i l l no t 
d i scuss in g rea t d e t a i l the methods and da ta 
s t r u c t u r e s t h a t m igh t be used by a p a r t i c u l a r 
program. Rather the purpose is to p resen t some 
i n t e r e s t i n g , p r e v i o u s l y known r e s u l t s about i n t e r 
p r e t a t i o n s and Horn se ts and to I n d i c a t e b r i e f l y 
how these p r o p e r t i e s can be u s e f u l f o r theorem-
p r o v i n g programs. We beg in w i t h a b a s i c d e f i n i 
t i o n f rom mathemat ics . 

DEFINITION; Let L be a f i r s t o rder language, and 
l e t I and I be two i n t e r p r e t a t i o n s over L w i t h 
domains D. and D r e s p e c t i v e l y . The c r o s s - p r o d u c t 
of I and I „ is the i n t e r p r e t a t i o n I whose domain 
D is the c r o s s - p r o d u c t of D1 and D2 ( i . e . , the set 
o f o rdered p a i r s whose f i r s t c o o r d i n a t e comes f rom 
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D1 and whose second coordinate comes from D2 and 
which assigns values to the predicate, constant, 
and function symbols of L as follows: if a is a 
constant symbol and I1 assigns a1 to a and 12 

assigns a2 to a, then I assigns the ordered pair 
(a1.a2) to a; If f is an n-ary function symbol and 
if I1 assigns to f the n-ary function £- on D 
and I2 assigns to f the n-ary function f2 on D„ , 
then 1 assigns to f the n-ary function on D1 x D2 

which maps an n-tuple of ordered pairs ((a ,b ), 
. . . , ( a ,b )) onto the ordered pair 
( f , ( a 1 , . . . , a n ) , f 2 ( b 1 , . . . , b n ) ) ; i f P is a predi
cate symbol and If I1. assigns to P the n-ary 
predicate p1 on D1 and I2 assigns to p the n-ary 
predicate p2 on D2, then 1 assigns to P the n-ary 
predicate which is true for an n-tuple of ordered 

and only if both 
are true. 

McKinsey [ 7 ] noted that if a clause con
taining only one positive l i t e r a l is true in two 
interpretations then it is also true in the cross 
product of the two interpretations. In addit ion, 
If a clause C is true of each algebra in a class 
of algebras that is closed under algebraic direct 
product, then there is subclause C' of C contain
ing at most one positive l i t e r a l ( i . e . , C' is 
Horn) and C' is also true of every algebra in the 
class. Horn [5] later showed that the class of 
Horn sets and the class of sets of clauses which 
are true in a direct product of two interpretat
i o n s if and only if they are true in each ind i 
vidual interpretation are the same class. (Thus 
the name Horn clause.) In both cases only clauses 
containing only the equality predicate were con
sidered; however, their methods easily generalize. 
Some of these results w i l l be reviewed in the 
following paragraph; the reader is referred to 
[7] and [5 ] for the f u l l presentation of this 
material as well as other results. 

Consider two interpretations I. and I2 and a 
ground l i t e r a l 1,. If I, is an atom, then by 
def in i t ion L is true in 1. x I2 if and only if 
it is true in both 1. and I2 Now if L is the 
negation of an atom, say L=-M, then L is true in 
I. x I2 if and only if it is true in at least one 
of I1 and I2 For M is true in 1. x I2 if and 
only if it is true in both 11 and 12 and so M 
is false ( i . e . , L is true) if and only if M is not 
true in both I1 and I2 that is M is false in at 
least one of tnem. Next, suppose the ground Horn 
clause C=-L 1 . . . -L n M is true in both I. and I2. 
Now if M is true In both I1. and I- then M is true 
in the cross-product, and so C is also true in 
the cross-product. If M is not true in one of 
the I ' s , say M is false in 1 . , then some negative 
l i t e r a l -I i is true in I . By the above, - I , is 
true in the cross-product, so again C is true in 
the cross-product. Thus, any ground Horn clause 
that is true in two interpretations is true in 
the cross-product. Of course, a Horn clause 
would be false in 1. x I2 if and only if each neg
ative l i t e r a l was false In both I- and I2 and the 
positive l i t e r a l was false in at least one of the 
two. This analysis applies equally well to the 
case of determining if a particular instance of 
a clause with variables is true or false in the 
cross-product of two interpretations. These 
results generalize to products of more than just 
two interpretations in a straightforward way. 

Thus, if I . , . . . , I n are interpretations and C is a 

Horn clause which is true in each 1 i, then C is 
true in I1x....xln . If C is false in 
then each negative l i t e ra l of C is false in each 
Ii and the positive l i t e r a l of C is false in at 
least one Ii . 

The above remarks form the basis for reduc
ing the amount of work required to evaluate Horn 
clauses for semantic resolution and to store in
formation about the tuples for which such clauses 
are false. Consider again the case of an assoc
i a t i v i t y axiom C with 6 variables. If instead of 
a single interpretation with a domain of 100 ele
ments we use the cross-product of two interpreta
tions each of whose domains has 10 elements (and 
thus whose cross-product domain has 100 elements), 
then to evaluate C in 1 x I2 one would evaluate 
C in I1 and I2 requiring 2*10 6*tuples to be 
considered as opposed to 100 *1012 , with a reduc
tion factor of 5*10 . If more sublnterpretations 
are used the savings is even more dramatic. For 
example, by using three domains each with 5 ele
ments, we would be using the equivalent of a 
single interpretation whose domain had 125 ele
ments, and the evaluation of a clause with 6 
variables would require the4 consideration of 
3*5 , or approximately 5*10 , 6-tuples. Moreover, 
e f f ic ient means of organizing the calculations can 
be expected to reduce to an even greater degree 
the number of tuples requiring testing for a given 
clause. 

The storage problem can also be reduced by 
taking advantage of the properties of Horn clauses. 
For the purposes of this paragraph we use the 
following notation: 

n-tuples then a x b w i l l indicate the n-tuple of 
ordered pairs ( ( a , b ) , . . . , ( a n ,bn ) ) . Recall that 
a clause C is false in I1 x I2 it and only if 
every negative l i t e r a l is false in both I1 and I2 

and the positive l i t e r a l is false in at least one 
of the two sublnterpretations. The amount of 
space required to store the set of tuples f a l s i 
fying a clause in the cross interpretation can be 
greatly reduced by storing instead certain tuples 
from the sublnterpretations and using these to 
construct tuples from the cross interpretation 
when (and i f ) needed. Suppose the tuples of 
values that make C false in I1, are a . , . . , . a and 

those that make C false in 1~ are b , . . . , b . 
Further, suppose the tuples that make a l l the 
negative l i t e ra l s of C _false but the positive 
l i t e r a l true in I. are c1 , . , . , c n , and those for 
I2 are d1 , , . . . ,d m ,. Consider a tuple from 

1. x 12 of the form a1 x z. If z is one of the 
bi's or 3's then by the above remarks a x z makes 
C false in the cross interpretation since the 
f i r s t coordinate fa l s i f i es every l i t e r a l of C 
while the second coordinate satisf ies at most 
just the positive l i t e r a l . On the other hand, i f 
z is not among the b!s or d 's , then it sat isf ies a 
negative l i t e r a l of c and io "a x 7 must satisfy 
C in I. x 1?'^ A ^similar remark holds for values 
of the_ form z x b . Final ly, a value o£ the _ 
form c x d must satisfy C since both c. and d 
satisfy the^positive l i t e r a l of C^ Also, as 
jjbove^ any value of the form z x y where either 
z or y is not among the appropriate l i s t s must 
satisfy C. Thus, the tuples of the cross inter-
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pre ta_ t ion_ tha t f a l s i f y C are a x b i , a i x d j , 
and c i , x b j f o r d i f f e n e n t comb ina t ions of i and j . 
Thu* by s a v i n g , i n a d d i t i o n to the va lues in the 
s u b i n t e r p r e t a t i o n s t h a t f a l s i f y the c l a u s e , those 
va lues t h a t f a l s i f y the nega t i ve l i t e r a l s bu t s a t -
i s t f y the p o s i t i v e l i t e r a l one can s i g n i f i c a n t l y 
reduce the amount of s to rage r e q u i r e d . To get an 
e s t i m a t e o f the k i n d o f sav ing i n v o l v e d , cons ide r 
aga in two i n t e r p r e t a t i o n s of 10 e lements each and 
a c lause w i t h th ree v a r i a b l e s . There are 10 
3 - t u p l e s of va lues In each domain. Suppose a 
t h i r d f a l s i f i e d the c lause i n each domain and an
o t h e r t h i r d f a l s i f i e d the nega t i ve l i t e r a l s but 
s a t i s f i e d the p o s i t i v e l i t e r a l . Then t h e r e would 
be 666 t r i p l e s in each domain tha t need to be 
saved or 1332 a l t o g e t h e r . in the c r o s s i n t e r p r e 
t a t i o n there are 333*333*3=332667 t r i p l e s o f 
o rdered p a i r s t ha t f a l s i f y the c l a u s e . As b e f o r e , 
i f more smal le r domains are u ed , the r e d u c t i o n 
i s even more d r a s t i c . Moreover , e f f i c i e n t n o t a 
t i o n s f rom set theory can be used to s t o r e such 
i n f o r m a t i o n . For example, i f seve ra l t u p l e s have 
c o o r d i n a t e s in common, t h i s can be i n d i c a t e d by 
condensing some of the c o o r d i n a t e s to be s e t s . 
E . g . , the s i x t r i p l e s ( a , b , c ) , ( a , b , d ) , ( a , b , e ) , 
( e , b , c ) , ( e , b , d ) a n d ( e , b , e ) cou ld be rep resen ted 
by ({.a,e} , b , [ c , d , e } ) . That i s , a n y t h i n g f rom the 
set [ a , e ] can be used as f i r s t c o o r d i n a t e , b as 
second c o o r d i n a t e and any o f [ c , d , e ] f o r the t h i r d 
Such n o t a t i o n s have proven u s e f u l in o t h e r con
t e x t s i n theorem p r o v i n g ( s e e , f o r example, 
Auguston and Minker [ 1 ] ) . 

F i n a l l y , the use o f c r o s s - p r o d u c t s makes i t 
e a s i e r f o r the user t o " t a i l o r " i n t e r p r e t a t i o n s 
to emphasize p a r t i c u l a r c lauses by g i v i n g the 
v a r i o u s c lauses the a p p r o p r i a t e p r o p e r t i e s i n the 
c o o r d i n a t e i n t e r p r e t a t i o n s . For example, cons ide r 
the theorem o f group theory t h a t i f x 2 = e f o r 
every x the group is commutat ive and i t s s tandard 
r e p r e s e n t a t i o n as a set of c lauses w i t h the con
c l u s i o n negated . Th is set c o n t a i n s the th ree 
u n i t s Pxxe, Pabc, and -Pbac. Suppose one would 
l i k e to concen t ra te on Pabc and -Pbac and de lay 
the e n t r y o f Pxxe i n t o the search. Then in the 
c ross p roduc t i n t e r p r e t a t i o n Pabc and -Pbac must 
be f a l s e w h i l e Pxxe must be t r u e . Then Pabc must 
be made f a l s e in at l e a s t one of the i n t e r p r e t a 
t i o n s In the c r o s s - p r o d u c t w h i l e the atom Pbac 
must b e t r u e ( I . e . , -Pbac f a l s e ) i n a l l the i n t e r 
p r e t a t i o n s in the c ross p r o d u c t . A l s o , Pxxe must 
b e t r u e i n a l l i n t e r p r e t a t i o n s . I t would b e 
e a s i e r to dev ise two i n t e r p r e t a t i o n s o f , say, 4 or 
5 e lements each , t h a t s a t i s f y these c o n d i t i o n s , 
e s p e c i a l l y the c o n d i t i o n on Pxxe, than to v e r i f y 
them f o r a s i n g l e i n t e r p r e t a t i o n of 20-25 elements. 
I f the above c o n d i t i o n s are s a t i s f i e d and the two 
s u b i n t e r p r e t a t i o n s are themselves g roups , then 
n e i t h e r the axioms nor the c lause Pxxe can be 
r e s o l v e d t o g e t h e r , and the r e f u t a t i o n search must 
beg in w i t h e i t h e r Pabc or w i t h -pbac and another 
c lause whose r e s o l v e n t w i t h -Pbac has a f a l s e 
i ns tance i n the c r o s s - p r o d u c t . I ndeed , the c lause 
Pxxe would not be ab le to r e s o l v e w i t h any c lause 
C unless C and the r e s o l v e n t both had f a l s e 
i n s t a n c e s . 

IV . Conc lud ing Remarks 

Th i s paper has presented a new s t r a t e g y , a 
s t r e n g t h e n i n g o f semantic r e s o l u t i o n , wh ich i s 
complete f o r the c l a s s o f Horn se t s . T h i s s t r a t e g y 

is a c t u a l l y a comb ina t i on o f semant ic and syn tac 
t i c a p p r o a c h e s — s y n t a c t i c because the emphasis on 
p o s i t i v e u n i t s i s t o t a l l y independent o f any 
i n tended meaning of the symbols ; semant ic because 
d i f f e r e n t i n t e r p r e t a t i o n s s u p p l i e d b y the user w i l l 
y i e l d d i f f e r e n t search spaces. The r e s u l t s 
rev iewed i n Sec t i on 3 w i l l prove most u s e f u l i n 
a c t u a l l y imp lement ing the new s t r a t e g y , or indeed 
any semant ic s t r a t e g y , f o r programs t h a t w i l l d e a l 
w i t h Horn s e t s . The t ime and s torage sav ings t h a t 
those r e s u l t s w i l l p r o v i d e may make i t p o s s i b l e 
f o r the f i r s t t ime t o c o n s t r u c t t r u l y semant ic 
p rograms, t h a t is programs wh ich can use the i n f o r 
ma t i on p r o v i d e d by the user about the in tended 
meaning of the c lauses as opposed to a meaning 
imposed by some s y n t a c t i c p r o p e r t y as in hyper -
r e s o l u t i o n . There are some q u e s t i o n s t h a t are 
r a i s e d by these r e s u l t s . F i r s t , i t may be 
p o s s i b l e t o d e r i v e a n e f f i c i e n t s t r a t e g y from 
Lemma 3 and c o n s t r a i n e d - v a r i a b l e r e s o l u t i o n . A lso , 
i t would b e very i n t e r e s t i n g indeed t o know i f 
some v e r s i o n of Theorem 1 h e l d in the non-Horn 
case f o r h y p e r r e s o l u t i o n , wh ich i s the analogue 
o f p o s i t i v e - u n i t r e s o l u t i o n f o r Horn s e t s . 
F i n a l l y , i t would be most u s e f u l to know how many 
o f the r e s u l t s here c a r r y over t o p a r a m o d u l a t i o n 
f o r e q u a l i t y . 
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