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C l a s s e s o f " p h r a s e - s t r u c t u r e g rammars" a r e d e f i n e d whose " l a n g u a g e s " c o n s i s t , n o t 
o f s t r i n g s o f s y m b o l s , b u t o f d i r e c t e d g r a p h s w i t h symbo l s a t t h e i r v e r t i c e s ( " w e b s " ) . 
Examp les o f s u c h "web grammars" a r e g i v e n , h a v i n g l a n g u a g e s c o n s i s t i n g o f t r e e s , o f 
t w o - t e r m i n a l s e r i e s - p a r a l l e l n e t w o r k s , and o f " t r i a n g u l a r " n e t w o r k s . I t i s shown t h a t 
i f t h e g r a p h s p e r m i t t e d i n a " c o n t e x t - s e n s i t i v e " web grammar a r e r e q u i r e d t o b e 
a c y c l i c , and t h e p a r s i n g r u l e s a r e assumed t o b e g r a p h homomorph isms, t h e n any s u b 
g r a p h w h i c h i s p a r s e d b y a r u l e mus t b e " c o n v e x " , and any r u l e i s a c o m p o s i t e o f r u l e s 
each o f w h i c h p a r s e s a s u b g r a p h h a v i n g j u s t two p o i n t s . 

F o r e w o r d 

S i n c e t h e e a r l y 1 9 6 0 ' s , c o n s i d e r a b l e 
e f f o r t has b e e n d e v o t e d t o t h e p r o b l e m o f 
d e v e l o p i n g f o r m a l " p i c t u r e l a n g u a g e s " 
whose " s e n t e n c e s " a r e p i c t u r e s o f v a r i o u s 
t y p e s . T h i s w o r k ( s e e ^ f o r a r e c e n t s u r 
vey ) can b e t h o u g h t o f a s g e n e r a l i z i n g 
t h e c o n c e p t s and me thods o f m a t h e m a t i c a l 
l i n g u i s t i c s f r o m c o n v e n t i o n a l l a n g u a g e s , 
i n w h i c h s e n t e n c e s a r e s t r i n g s f o r m e d b y 
c o n c a t e n a t i n g s y m b o l s , t o " l a n g u a g e s " i n 
w h i c h " s e n t e n c e s " a r e f o r m e d b y c o m b i n i n g 
s y m b o l s i n more g e n e r a l w a y s . The p r e 
s e n t p a p e r d e s c r i b e s a me thod o f d e f i n i n g 
" l a n g u a g e s " whose " s e n t e n c e s " a r e 
d i r e c t e d g r a p h s w i t h s y m b o l s a t t h e i r 
v e r t i c e s . The w r i t e r s a r e i n d e b t e d t o 
R . A . K i r s c h and D . E . K n u t h f o r s u g g e s t 
i n g t h i s a r e a o f r e s e a r c h . The s u p p o r t 
o f t h e I n f o r m a t i o n Sys tems B r a n c h , O f f i c e 
o f N a v a l R e s e a r c h , u n d e r C o n t r a c t 
N o n r - 5 1 4 4 ( 0 0 ) , i s g r a t e f u l l y a c k n o w l e d g e d . 

-609-







A web grammar w i l l be c a l l e d context-
s e n s i t i v e ( - f r e e ) i f a l l i t s r e w r i t i n g 
r u l e s are c o n t e x t - s e n s i t i v e ( - f r e e ) . The 
s imple example of a web grammar which was 
g iven above i s c o n t e x t - f r e e , s ince on l y 
o n e - p o i n t webs are r e w r i t t e n . Other 
examples o f b o t h c o n t e x t - f r e e and c o n t e x t -
s e n s i t i v e web grammars w i l l be g i ven in 
the nex t two s e c t i o n s . 

I t i s i n s t r u c t i v e t o compare our 
d e f i n i t i o n of a web grammar w i t h the 
d e f i n i t i o n of a " p l e x grammar" g i ven by 
Feder 2 . We can t h i n k of Feder ' s NAPEs 
( " n - a t t a c h i n g - p o i n t e n t i t i e s " ) as webs in 

which one p o i n t i s l a b e l l e d w i t h the name 
of the NAPE, and the o the r s w i t h the 
i d e n t i f i e r s o f i t s a t t a c h i n g p o i n t s . 
Fede r ' s " j o i n t l i s t s " , which desc r i be how 
se ts of NAPEs are i n t e r c o n n e c t e d , c o r r e -
pond to the edges (which need no t be 
d i r e c t e d ) i n t e r n a l to the subwebs a and 8 
i n a web r e w r i t i n g r u l e ; w h i l e h i s " t i e 
p o i n t l i s t " corresponds t o the embedding 
E of B in the h o s t web. (He a l s o makes 
use o f a " t i e p o i n t l i s t " f o r a , so t h a t 
he can a l l o w the r e w r i t i n g r u l e to be 
a p p l i e d on l y i f the edges between a and 
the hos t web s a t i s f y g i ven c o n d i t i o n s . ) 
F e d e r ' s system can be regarded as a 
g e n e r a l i z a t i o n of Shaw's ( e . g . , 1 ) ; Shaw 
dea ls on l y w i t h e n t i t i e s hav ing j u s t two 
a t t a c h i n g p o i n t s ("head" and " t a i l " ) . 
Thus the web grammars d e f i n e d in t h i s 
paper — i f t h e i r webs are regarded as 
embedded in the p lane — can be thought 
o f as e q u i v a l e n t to a gene ra l c l a s s o f 
" p i c t u r e grammars". 

Examples of Contex t -F ree Web Languages: 
Trees and Two-Terminal 

S e r i e s - P a r a l l e l Networks 

In t h i s s e c t i o n we g i ve c o n t e x t - f r e e 
graph grammars f o r two impo r t an t c lasses 
o f d i r e c t e d g raphs : d i r e c t e d t r e e s w i t h 
l e a s t p o i n t s , and d i r e c t e d t w o - t e r m i n a l 
s e r i e s - p a r a l l e l networks ( w i t h o u t m u l t i p l e 
edges)• 

P roo f ; We f i r s t v e r i f y t h a t the webs 
generated by t h i s grammar a l l have 
l e a s t p o i n t and a l l have one fewer 
edges than p o i n t s . Th is i s c l e a t i f 
the i n i t i a l web was a , s ince none of 
the r u l e s app ly t o i t . S i m i l a r l y , the 
i n i t i a l web a. A has these p r o p e r t i e s ; 
we proceed by i n d u c t i o n on the number 
o f t imes t h a t the r u l e s are a p p l i e d t o 
i t . R e a d i l y , under any a p p l i c a t i o n o f 
a r u l e , the " a " i n the i n i t i a l web 
remains the l e a s t p o i n t , s ince i f t he re 
was a pa th f rom i t to every p o i n t before 
the r u l e was a p p l i e d , the d e f i n i t i o n o f 
the embedding i nsu res t h a t t he re i s 
s t i l l a pa th from i t t o every p o i n t 
a f t e r w a r d s . F i n a l l y , i t i s e a s i l y 
v e r i f i e d t h a t each r u l e always adds the 
same number of edges as i t does p o i n t s , 
so t h a t the former number always r e 
mains one l e s s than the l a t t e r . 

By a d i r e c t e d t r e e is meant a c o n 
nected d i r e c t e d graph whose number of 
edges i s j u s t one l ess than i t s number o f 
p o i n t s . I t can be shown t h a t a d i r e c t e d 
graph w i t h l e a s t p o i n t i s a d i r e c t e d t r e e 
i f and on l y i f t h e r e i s a unique p a t h 
f rom the l e a s t p o i n t t o each p o i n t . 

Converse ly , we s h a l l show t h a t any 
d i r e c t e d t r e e G w i t h l e a s t p o i n t can be 
generated by the grammar. Note f i r s t 
t h a t in any such G, i f t i s a p o i n t 
such t h a t the pa th f rom the l e a s t p o i n t 
to t is as l ong as p o s s i b l e , then t is 
maximal , so t h a t G always has a maximal 
p o i n t . We s h a l l show t h a t , g i ven any 
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