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Abstract
In this paper, we tackle the challenges of multilabel classiﬁcation by developing a general conditional dependency network model. The proposed
model is a cyclic directed graphical model, which
provides an intuitive representation for the dependencies among multiple label variables, and a well
integrated framework for efﬁcient model training
using binary classiﬁers and label predictions using
Gibbs sampling inference. Our experiments show
the proposed conditional model can effectively exploit the label dependency to improve multi-label
classiﬁcation performance.

1 Introduction
Multi-label classiﬁcation is a challenging problem in many
real-world application domains, where each instance can be
assigned simultaneously into multiple classes. Typical application problems include text categorization where one document can belong to multiple categories, bio-informatics
where one protein may have multiple functions, etc.
Traditional two-class and multi-class problems can be
viewed as special cases of multi-label classiﬁcation, where
each instance has only one label. A multi-label problem can
also be cast as a multi-class problem by considering all possible combinations of the original classes. However, this will
substantially increase the class number and increase the computational complexity of the problem. Many proposed methods tackle multi-label problems by ﬁrst transforming a multilabel problem into a set of independent binary classiﬁcation
problems, then employing ranking or thresholding schemes
for the overall multi-label classiﬁcation. An obvious drawback of such methods is that they completely ignore the interdependencies among multiple labels. In many applications,
strong co-occurrences and interdependencies exist among
multiple class labels. For example, an article on the topic of
religion is likely to talk about culture as well, but unlikely
to talk about football. Capturing the dependencies among
class labels during classiﬁcation is thus expected to lead to
improved classiﬁcation performance. Many methods with
this motivation have been proposed in the literature, some of
which exploit graphical models to capture the label dependencies and conduct structured classiﬁcation, including those
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using Bayesian networks [de Waal and van der Gaag, 2007;
Rodriguez and Lozano, 2008; Bielza et al., 2011] and conditional random ﬁelds [Ghamrawi and McCallum, 2005]. However, these approaches require much more complicated learning and prediction phases than binary classiﬁcation models.
In this paper, we propose a novel multi-label classiﬁcation approach based on a conditional cyclic directed graphical model, which we name as conditional dependency networks. In particular, we construct a fully connected dependency network on the class label variables, where each variable is dependent on all the other class variables and the input
feature variables. By doing so, we circumvent the challenging
structure learning issue associated with the Bayesian network
based methods. The conditional distribution associated with
each label node in our model corresponds to one binary classiﬁcation model. Thus our model parameters can be learned
by training k binary classiﬁers, where k is the number of
classes. The conditional dependency network model we employ is a more natural representation of label co-occurrence
dependencies than acyclic Bayesian networks, while its learning process is much simpler than those used in conditional
random ﬁelds, where inferences are typically involved. Our
empirical results suggest that the proposed model is effective
in exploiting label dependencies to improve classiﬁcation performance, and demonstrates superior performance over a few
multi-label classiﬁcation methods developed in the literature.

2 Dependency Networks
Graphical models have been used in many domains to represent a joint distribution over a set of random variables. They
are natural ways to model the independencies/dependencies
among variables. Two types of commonly used graphical models are Bayesian networks and Markov networks
(Markov random ﬁelds). A Bayesian network is a directed
acyclic graphical model, where each node represents one
variable and the directed edges usually represent the ordered
probabilistic dependencies between variables. The parameters in a Bayesian network typically encode the local conditional probability distributions on each variable given its
parents. It is NP-hard to identify the optimal Bayesian network structure [Chickering et al., 1994], but allows a closedform maximum likelihood solution for the parameters given
the structure. A Markov network is an undirected graphical model, where the undirected edges encode the depen-

label variables Y are interdependent on each other in a dependency network, conditioning on the observation features
X. The conditional probability distributions associated with
each variable Yi are general probabilistic prediction functions. Comparing to conditional Markov networks, the proposed model maintains the same advantages of dependency
networks over Markov networks in the non-conditional case.

3 Multi-label Classiﬁcation Model
Figure 1: Conditional dependency network model.
dencies among the variables. Markov networks are more
suitable to capture undirected correlations and interactions
among variables. However, the learning problem associated
with a Markov network is much more challenging than their
counterparts in a Bayesian network: inference is usually required for parameter learning, and the general structure learning remains to be an NP-hard problem due to the difﬁculty of
parameter estimations of the network (c.f. [Srebro, 2001]).
Dependency networks [Heckerman et al., 2000] are cyclic
directed graphical models, where the parents of each variable are its Markov blanket. Similar to Bayesian networks,
the edges in a dependency network are directed. However,
unlike Bayesian networks, the directed edges of dependency
networks encode not ordered relationships but directed dependencies among variables. Actually, the independencies in
a dependency network are exact to those of a Markov network with the same adjacencies. Moreover, the primary difference between dependency networks, Bayesian networks,
and Markov networks is that dependency networks approximate the joint distribution over a set of random variables
with a set of local conditional probability distributions that
are learned independently. Thus a dependency network has
the advantage of Markov networks in encoding ﬂexible correlational interdependence relationships, while possessing the
simple independent parameterization of Bayesian networks
in terms of local conditional probability distributions. Dependency networks are not guaranteed to specify a consistent joint distribution, and thus exact inference techniques are
not applicable. Nevertheless, Gibbs sampling inference techniques [Neal, 1993] can still be used to efﬁciently recover a
reasonable full joint distribution.
Given a set of random variables X = {X1 , · · · , Xn } with
a joint distribution p(x), a dependency network is a directed
graph G = (V, E) with a set of conditional probability distributions P = {p(xi |pai ), ∀i}. Each variable Xi corresponds
to one node vi ∈ V . The parents of Xi , denoted as Pai ,
are the set of nodes vj such that (vj , vi ) ∈ E, where E denotes the set of directed edges. Due to their natural correlational dependency representations, independent parameter
estimates on each variable, and simple inference procedures,
dependency networks can be applied in many tasks such as
probabilistic inference, collaborative ﬁltering, data visualization and relational learning.
In this paper, we extend dependency networks into general
conditional dependency networks to tackle multi-label classiﬁcation problems. In the proposed network, the discrete class
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Given a set of multi-label training instances D =
{(x , y1 , · · · , yk )}t=1 , where each yi is a {−1, +1}-valued
class label, we aim to learn a multi-label predictor f : x −→
[y1 , · · · , yk ] to produce good classiﬁcations on incoming test
instances D = {x1 , · · · , xm }. Our intuition is to exploit
interdependencies among label variables using natural graphical model representations. In particular, we present a conditional dependency network to model the interdependencies
among multiple label variables. The proposed model allows
a simple learning procedure by training k binary classiﬁers,
where k is the number of classes, and a Gibbs sampling inference technique to predict labels for test instances.

3.1

Conditional Dependency Networks

Given observation features x, we propose to model the
conditional joint distribution over label variables Y =
{Y1 , · · · , Yk } using dependency networks, where each Yi is
a binary variable with values from {−1, 1}. We aim to capture the label interdependency with such a model to improve
classiﬁcation performance. Since there are usually no particular inﬂuence directions among the label variables, we build
a fully connected dependency network over the Y variables.
That is, there is a bidirectional edge between each pair of
variables, (Yi , Yj ). Figure 1 shows an example of conditional dependency networks with four class variables. Assuming a fully connected structure, we can avoid the computational expensive step of identifying conditional optimal
structures while still maintaining a simple parameter learning phase and an approximated inference procedure for nonsingly connected structures. In this conditional dependency
network, the strength of label interdependency and the power
of prediction from the features to the labels are encoded in
the model parameters, i.e., the conditional probability distributions (CPDs) associated with each variable node Yi , given
all its parents and the observation X.
When ignoring the observations X, the CPDs on each Yi
variable can be determined by closed-form solutions based
on the sufﬁcient statistics among the Y variables, same as
in Bayesian networks. Since Y variables are discrete, the
CPDs on variable Yi in the network can be represented as a
conditional probability distribution table (CPT), with entries
p(Yi = yi |P ai = ypai ). For a fully connected network,
where P ai = {Y1 , · · · , Yi−1 , Yi+1 , · · · , Yk }, the conditional
distribution tables could be very large, in the size of 2k , since
each variable has all the other variables as its parents. This
can easily cause overﬁtting and produce spurious dependence
relationships among the label variables. Thus simply modeling the label dependencies in a separate complete network
and then combining it with the prediction model is problematic. However, if we take the observations X, which are either

continuous or discrete or a mixture of both, into the networks,
the CPT style parameterization is not tractable anymore. Nevertheless, in the conditional scenario we can actually simplify
and generalize the CPD representations by using probabilistic
prediction functions. That is, we associate a binary prediction model with each variable Yi . These prediction models
are then used to deﬁne the conditional probability distributions on each label variable, and can be viewed as generalized
conditional probability tables. These generalized conditional
probability tables can substantially reduce the representation
complexity and mitigate the overﬁtting problem.
Given the training set D introduced before, the training
process for the proposed conditional dependency network
model is very straightforward and simple. We directly train
k binary probabilistic predictors, and each of them deﬁnes
a conditional probabilistic distribution on one label variable
given all the other label variables and the input features x. For
the conditional dependency network in Figure 1, it is shown
one conditional distribution function is associated with each
Yi . Many existing standard binary probabilistic classiﬁers can
be used in our model to parameterize the conditional distributions. In our experiments, we in particular used the regularized binary logistic regression classiﬁer.
Logistic regression is a well known statistical model for
probabilistic classiﬁcation. For the parameter learning of our
conditional dependency networks, we train k logistic regression classiﬁers, and each, p(yi = ±1|x, y¬i , θ i ), is associated with one label variable Yi , where θi denotes the model
parameters. The model parameters can be trained by maximizing the regularized likelihood of the training data
t


λ

log p(yi |x , y¬i
, θi ) − θ 
max
i θi ,
2
θi =1


where λ2 θ
i θ i is a L2 regularization term introduced to reduce overﬁtting, and λ is a trade-off parameter. Logistic regression is a robust linear classiﬁer that can be trained efﬁciently using convex optimization techniques. Nonlinear
classiﬁcations can be achieved by simply introducing kernels.

3.2

Gibbs Sampling for Approximate Inference

After training k logistic regression models, we obtain a parameterized conditional dependency network, which has a
fully connected graph structure with bidirectional edges, and
has k sets of parameters {θ 1 , · · · , θk } associated with the
label variables to deﬁne generalized conditional probability
distributions. Given the trained conditional dependence network, the next step is using it to predict the label vector
y = {y1 , · · · , yk } for a test instance x. This multi-label classiﬁcation problem is equivalent to computing a type of maximum a posteriori (MAP) explanation, also known as most
probable explanation (MPE):

straightforward corollary that the inference problem we have
for conditional dependency networks is also NP-hard, since
our model is a cyclic variant of Bayesian networks. Given
the fully connected structure and the generalized conditional
probability tables we have, Gibbs sampling, which samples
one variable given all others ﬁxed, is a more suitable inference technique for our model than other alternatives.
Gibbs sampling [Geman and Geman, 1984] is a
Metropolis-Hastings sampling algorithm that is especially appropriate for inference in graphical models. The key to the
Gibbs sampling is that one only considers univariate conditional distributions, i.e. the distribution when all of the variables but one are assigned ﬁxed values. This property makes
Gibbs sampling a perfect ﬁt on the fully connected conditional dependency network we build above, where the univariate conditional distributions needed for Gibbs sampling
are directly available from the conditional probabilistic predictors associated with each variable. The inference procedure of Gibbs sampling is very simple. We ﬁrst choose a
random ordering of the variables, r, and initialize each variable Yi to a value yi . In each sampling iteration, we visit each
variable in the given order, {Yr(1) , · · · , Yr(k) }, where r maps
the new order index into the original variable index. The new
value of each variable Yr(i) is resampled according to the conditional predictor associated with it, p(y|x, y¬r(i) , θr(i) ).
The idea behind Gibbs sampling is to approximate the joint
distribution from the samples obtained from the conditional
distributions. The sampler is expected to converge to a stationary distribution after some burn-in iterations. One then
can collect samples to recover the approximated joint distribution and determine the MPE. There are a few different ways
to decide the MPE of the Y variables. One typical way is to
compute the marginal probabilities associated with each single variable from the samples and make the prediction based
on the marginals. We however compute the MPE from samples that have 
high values over the product of the conditional
probabilities, i p(yi |x, y¬i , θ i ), since this product can be
viewed as an approximation to the true conditional joint distribution p(y1 , · · · , yk |x). In order to avoid the instability of
picking only one such sample with the highest product value,
we collect n instances that have the top product values over
the conditional probabilities. The ﬁnal prediction is determined by the marginals computed from these n instances.
We used n = 100 in our experiments. The overall Gibbs
sampling procedure is described in Algorithm 1. In our experiments, we set the burn-in time as 100 iterations and use
another 500 iterations to collect samples.

3.3

Extension to Non-probabilistic Models

The conditional dependency network model proposed above
can exploit any probabilistic binary classiﬁer. However, nonprobabilistic binary classiﬁers, e.g. support vector machines,
often demonstrated superior classiﬁcation performance than
probabilistic classiﬁers in many scenarios. We therefore extend our model to permit discrete conditional probability distributions over each label variable, i.e. p(yi = 1|x, y¬i , θi )
is either 1 or 0. This extension allows nonprobabilistic binary classiﬁers to be exploited in our model. In particular, we
consider support vector machines in our experiments.

y∗ = arg max p(y|x)
y

It has been shown this problem is NP-hard even for acyclic
directed graphical models, i.e. Bayesian networks [Shimony,
1999]. When there are undirected cycles in a Bayesian network, many approximate inference algorithms have been developed to address the problem [Guo and Hsu, 2002]. It is a
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Algorithm 1 Gibbs Sampling Inference
Input: x: observed features; k: number of classes;
n: number of instances to pick;
{θ1 , · · · , θk }: model parameters;
tb : burn-in iteration number;
tc : instance collection iteration number;
Output: sampled instance set B
Procedure:
1. initialize y = (y1 , . . . , yk ),  = 0;
choose a random ordering r over variables Y.
2.% burn-in and collection loops
for iter = 1 to tb + tc do
for i=1 to k do
q = p(y = 1|x, y¬r(i) , θr(i) );
sample u ∼ uniform distribution of (0, 1)
if u ≤ q then yr(i) = 1 else yr(i) = −1
if iter >tb then
s = j p(yj |x, y¬j , θj )
if  < n then
 =  + 1, S() = s, B(, :) = y
else j ← index of v = min(S)
if v < s then
S(j) = s, B(j, :) = y
The training process for the extended model is the same
as before; we only need to train k binary classiﬁers. However, the inference procedure has to be adjusted to ﬁt nonprobabilistic models. The inference procedure is described in
Algorithm 2. This procedure simply iteratively updates each
variable until reaching convergence. It can be viewed as a
nonprobabilistic simpliﬁcation of Gibbs sampling.

4 Related Work
Multi-label classiﬁcation has received increasing attention
from machine learning community in recent years, due to its
practical relevance, and its interesting aspects from a theoretical point of view. A large number of multi-label classiﬁcation methods have been proposed, including simple methods
based on binary classiﬁers, and advanced methods that exploit label correlations. We review a set of methods that are
most related to our work in this section.
One simple way of addressing multi-label learning is to
transform the multi-label classiﬁcation problem into a few
single-label classiﬁcation problems, e.g., the most intuitive
one-vs-rest learning methods [Lewis et al., 2004]. Further
improvements have been studied on ﬁnding proper thresholds to determine multiple labels in a related way by considering ranking scores [Schapire and Singer, 2000], SVM
scores [Boutell et al., 2004], etc. In [Schapire and Singer,
2000], a boosting algorithm gives rise to a multi-label ranking system. By deﬁning a special cost function based on a
ranking loss, [Elisseeff and Weston, 2001] proposed a kernel
method for ranking-based multi-label classiﬁcation.
Many more sophisticated methods take the label cooccurrence information directly into account to improve
classiﬁcation accuracy. A multi-label k-nearest neighbor
(MLKNN) approach presented in [Zhang and Zhou, 2005]

1303

takes the correlations of different labels into account to extend
standard k-nearest neighbors. A combination of MLKNN and
logistic regression was presented in [Cheng and Hüllermeier,
2009], where the neighborhood label information was used as
features for logistic regression classiﬁers.
[Godbole and Sarawagi, 2004] proposed an SVM method
with heterogeneous feature kernels (SVM-HF). In this
method, one binary SVM, Sj , was ﬁrst trained for each label j, then each training instance x was augmented with k
additional label features produced by {S1 , · · · , Sk }. Finally,
new SVMs {S̃1 , · · · , S̃k } can be trained on the augmented
instances. In the test process, a test instance x was ﬁrst classiﬁed by {S1 , · · · , Sk } to produce the label features, and the
augmented instance was then provided to {S̃1 , · · · , S̃k } to
obtain the ﬁnal prediction result. This approach shares some
similar intuition with our proposed approach, but lacks the
general and principled framework we have. Moreover, its prediction procedure remains in a naive stage. In [Hariharan et
al., 2010], a max-margin multi-label classiﬁcation approach
was proposed for large scale problems. However, it requires
prior label correlation information to be provided.
Graphical models have also been used for multi-label classiﬁcations. The methods developed in [de Waal and van der
Gaag, 2007; Rodriguez and Lozano, 2008; Bielza et al.,
2011] all employed Bayesian networks to address multi-label
classiﬁcation problem. However, these approaches involve
directed structure learning, and their models are less ﬂexible in handling different types of input features x. [Ghamrawi and McCallum, 2005] proposed two undirected graphical models to exploit label co-occurrence information within
the framework of conditional random ﬁelds. Both their training and inference procedures are more complicated than ours
on dependency network models. Without pruning, their approaches cannot handle large number of classes.
It has been theoretically shown in [Streich and Buhmann,
2009] that inference schemes ignoring co-occurrence imply a
model mismatch and thus cause biased parameter estimators.
It suggests both co-occurrence statistics and collective classiﬁcation over multiple labels should be considered. Our proposed model nicely integrates these two aspects by training
k augmented binary classiﬁers and employing a Gibbs sampling for the joint prediction of multiple labels. The training
phase for our model is very simple and straightforward, and
the complexity of the multi-label classiﬁcation is mainly handled in the approximate inference phase.

5 Experimental Results
In this section we conduct experiments to investigate the
empirical performance of the proposed conditional dependency network model comparing with related works. The
experiments are conducted on six widely used real-world
multi-label data sets: yeast, scene, enron, emotion, medical, rcv1 and genbase. These data sets come from different problem domains including text, biology, and music. All results reported in this section are averages over
10 times repeats using random training/test partitions. The
train/test sizes used for each data set are listed as follows:
yeast(1500/917), enron(1123/579), emotion(391/202), medi-

Algorithm 2 Discrete Inference
Input: x: observed features; k: number of classes;
{θ1 , · · · , θk }: model parameters.
Output: the predicted label vector y.
Procedure:
initialize y = (y1 , . . . , yk );
choose a random ordering r over variables Y.
repeat
for i=1 to k do
yr(i) = 2p(y = 1|x, y¬r(i) , θr(i) ) − 1
end for
until converge

pendency model we proposed is successfully effective in exploiting the label dependency information to improve multilabel classiﬁcation performance. We also noticed the difference between the performance of CDN-LR and CDN-SVM
are mostly due to the difference between the performance of
base LR and base SVM. This suggests the base classiﬁer selection is important as well. Nevertheless the conditional dependency network model proposed in this paper can incorporate a wide range of classiﬁcation algorithms.

6 Conclusions

cal(645/333), rcv1(3000/3000), and genebase(463/200).
First we used L2 regularized probabilistic logistic regression (LR) as the binary classiﬁer in our model and name
the resulted algorithm as “conditional dependency networklogistic regression” (CDN-LR). We compared the CDN-LR
algorithm with the following three multi-label classiﬁcation
algorithms: (1) a one-vs-rest baseline L2 regularized logistic regression method (LR), which conducts binary classiﬁcations for each class independently; (2) the MLKNN algorithm proposed in [Zhang and Zhou, 2005]; and (3) the collective multi-label classiﬁcation (CML) algorithm proposed
in [Ghamrawi and McCallum, 2005], which is based on
Markov random ﬁelds. We used MLKNN and CML as comparison methods since they both directly exploit the label cooccurrence information. For MLKNN, we adopted k = 7 as
suggested in [Zhang and Zhou, 2005].
We next investigated the nonprobabilistic extension of conditional dependency networks presented in Section 3.3, using SVMs as binary classiﬁers. The resulted algorithm is
denoted as “conditional dependency network-SVM” (CDNSVM). We compared it with three SVM-based multi-label
classiﬁcation algorithms: (1) the corresponding baseline algorithm, one-vs-rest SVM, which conducts binary classiﬁcations for each class independently; (2) the SVM with heterogeneous feature kernels (SVM-HF) proposed in [Godbole
and Sarawagi, 2004]; and (3) the ranking-based kernel SVM
method proposed in [Elisseeff and Weston, 2001]. The hyperparameter C in SVMs were selected via cross-validation.
The results for the eight algorithms on the six data sets introduced above are reported in Table 1, 2 and 3, using the
widely used exact match ratio, macro-F1 measure and microF1 measure respectively. The results in the three tables show
that the proposed CDN-LR algorithm overperformed all the
other three approaches, LR, MLKNN, and CML, almost on
all the six data sets regarding all three evaluation criteria. The
only exception is that MLKNN achieved a better macro-F1
than CDN-LR on enron data set. Regarding the nonprobabilistic extension, the CDN-SVM algorithm outperformed the
alternative SVM, SVM-HF and RankSVM on most data sets
for all three evaluation measures. It has only been slightly
overperformed by SVM-HF regarding micro-F1 on genbase
data set, and outperformed by RankSVM regarding macroF1 on yeast data set. The consistent superior performance of
the proposed model demonstrated in these experiments over
alternative multi-label classiﬁcation methods suggests the de-
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In this paper, we propose a novel generalized conditional dependency network model for multi-label classiﬁcation. The
proposed conditional dependency network is a fully connected bidirectional graph, whose conditional distributions
are deﬁned using binary classiﬁers. This model allows a very
simple training procedure, while its representation naturally
facilitates a simple Gibbs sampling inference on the test instances. The proposed model can incorporate a wide range
of simple classiﬁcation algorithms, including both probabilistic classiﬁers and nonprobabilistic classiﬁers. We tested
this model using two base classiﬁers, logistic regression and
SVMs, in our experiments. Our empirical results suggest the
proposed model is very effective in exploiting the dependencies of multiple labels, and has demonstrated superior performance over a few alternative multi-label classiﬁcation methods that exploit the same label co-occurrence information.
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Multi-dimensional classiﬁcation with Bayesian networks.
Inter. Journal of Appromixate Reasoning, In Press, 2011.
[Boutell et al., 2004] M. Boutell, J. Luo, X. Shen, and
C. Brown. Learning multi-label scene classifﬁcation. Pattern Recognition, 37(9):1757–1771, 2004.
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