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P R O P 4 1 Let T be a constant, the last PROP predicate 
is named and is defined to be the first of the 
three predicates (in this 
order) which has at least T variables in its denotational 
semantics. 

Each PROP predicate results in a DPL procedure, 
respectively 

giving Sata, SatO, and Satz, and giv
ing Satij. These programs are different only in PROP 
predicate, except SatQ which need not count the occur
rences of variables. 

We run the 12 programs (compiled using gcc wi th op
timization) on a PC wi th a 133 Mhz Pentium CPU under 
Linux operating system on a very large sample of ran
dom 3-SAT problems generated by using the method of 
Mitchell et al.[Mitchell et a/., 1992]. Given a set V of n 
Boolean variables we randomly generate 
m clauses of length 3. Each clause is produced by ran
domly choosing 3 variables from V and negating each 
wi th probability 0.5. Empirically, when the ratio m/n is 
near 4.25 for a 3-SAT formula F, F is unsatisfiable wi th 
a probability 0.5 and is the most difficult to solve. We 
vary n from 140 variables to 340 variables incrementing 
by 20, for each n the ratio clauses-to-variables (m/n) is 
set to 4.0, 4 .1 , 4.2, 4.25, 4.3, 4.4, 4.5. At each ratio and 
by each program, if n < 280 then 1000 problems are 
solved, if 280 300 then 500 problems are solved, 
if n = 320 then 300 problems are solved, and if n = 340 
then 100 problems are solved. A problem is solved suc
cessively by all the 12 DPL procedures before another 
to ensure the same environment to all programs. Due 
to the lack of space, we only present the experimental 
results for the ratio m/n = 4.25 in Figures 4, 5, and 6, 
where the DPL procedures corresponding to the curves 
are listed in the same order from top to bottom. The 
experimental results on the other ratios give exactly the 
same conclusions. 

3 A Pure UP Heur is t i c Versus a Pure 
M o m ' s Heur is t ics : SatO vs Sata 

SatO systematically examines all the variables by unit 
propagation at all nodes, using a pure UP heuristic, 
while Sata does not examine any variable so and em
ploys a pure Mom's heuristic. One might believe that 
SatO would be simply too slow, but it is not the case. 
SatO is much faster than Sata. In fact from Figures 4 
and 5, all DPL procedures using a UP heuristic in our 
experimentation are substantially better than Sata in 
terms of search tree size and real run time. 

Note that Mom's heuristic used in Sata is similar to 
the so-called two-sided Jeroslow-Wang rule [Hooker and 
Vinay, 1995], wi th the only difference that a clause of 
length i is counted as 5 clauses of length i + 1 instead of 
2. Our experiments suggest that 5 is better than 2. 5 is 

also similar to the exponential factors in C-SAT [Dubois 
et a/., 1993] where 5.71 ternary clauses are counted as 1 
binary clause. 

Figure 4: Mean search tree size of each program as a function 
of n for hard random 3-SAT problems at the ratio m/n = 4.25 

Figure 5: Mean run time of each program as a function of n 
for hard random 3-SAT problems at the ratio m/n = 4.25 

SatO actually is slower than five other programs based 
on balanced restrictions of variables to be examined by 
unit propagation, but not substantially so (except Satz). 
The surprisingly good performance of SatO confirms the 
power of UP heuristics for selecting the next branching 
variable and suggests that its effect for detecting failed 
literals is only secondary. 

4 Rest r ic ted UP Heur is t ics 
Figure 6 illustrates the number of variables examined by 
different restricted UP heuristics at a node. 
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Figure 6: Average number of variables examined at a search 
tree node in a given depth when solving hard random 3-SAT 
problems of 300 variables and 1275 clauses (500 problems are 
solved) for 9 programs 

4.1 Res t r i c t i on by t o t a l number o f b inary 
occurrences of a var iable 

Four programs and realize this 
type of restrictions. While a classical Mom's heuristic 
selects the next branching variable having maximum bi
nary occurrences, the restricted UP heuristics examine 
a set of variables having more binary occurrences than 
others, including the variable having maximum binary 
occurrences. From Figure 4, it is clear that the more 
variables are examined, the smaller the search tree size 
is. 

4.2 Balanced res t r i c t i on by to ta l number 
of b i na ry occurrences of a variable 

Four programs realize this 
type of restrictions. The PROP predicates require that 
a variable occurs both positively and negatively in bi
nary clauses to balance the search tree. We compare the 
duet and observe that 
examines strictly fewer variables than and is faster 
than it in spite of a slightly larger search tree. In partic
ular, examine almost the same number 
of variables (see Figure 6), but the balanced restriction 
gives a faster DPL procedure. 

We pay special attention to 
since they seem to be the best balanced restrictions. 

4.3 D y n a m i c res t r i c t ion as a func t ion of 
search t ree dep th 

Sat3141 realizes this restriction. A general observation 
when solving 3-SAT problems using a DPL procedure 
is that there are more and more binary clauses when 
descending from the search tree root and the denota-

tional semantics of a PROP predicate such as PROP 3 1 

becomes larger and larger. Furthermore, the nodes are 
more numerous near the leaves and the branching vari
ables play a less important role there. It appeared that 
one could restrict more the variables to be examined by 
unit propagation near the leaves without important loss 
on the search tree size so as to obtain some gain in terms 
of real run time. 

POSIT's UP heuristic (called BCP-based heuristic) 
[Freeman, 1995] realizes this idea: under the level 9 of a 
search tree, at most 10 variables are examined by unit 
propagation. 

uses from the top of a search tree, 
but under the depth empirically fixed to it uses 
PROP41, where n is the number of variables in the init ial 
input 3-SAT problem. Note that if 
9, so Sat3141 generally strengthens the restriction later 
than POSIT. 

From Figures 4 and 5 Sat3141 is not better than Sat31, 
although it makes many fewer unit propagations to ex
amine variables (see Figure 6), suggesting that the search 
tree depth is rather irrelevant to the restriction of UP 
heuristics. 

4.4 Dynamic res t r i c t ion by number o f 
variables to be examined 

The relatively poor performance of Sat42 seems due to 
the small number of variables examined at each node 
(see Figure 6), though these variables have many binary 
occurrences. A careful analysis shows that even Sat31 , 

the best one up to now, examines few or no variables 
at some nodes, especially near the root where there are 
few binary clauses, although these nodes are more de
terminant for the final search tree size. PROPz is then 
introduced to ensure that at least T variables are exam
ined at each node, T being empirically fixed to 10. Near 
the root, all free variables are examined to exploit the 
full power of UP heuristic. As soon as the number of 
variables occurring both negatively and positively in bi
nary clauses and having at least 4 (3) binary occurrences 
is larger than T, only these variables are examined to se
lect the next branching variable. 

5 Related Work 
C-SAT [Dubois et al., 1993] examines some variables by 
unit propagations (called local processing) near the bot
tom of a search tree to rapidly detect failed literals there. 
Pretolani also uses a similar approach (called pruning 
method) based on hypergraphs in H2R [Pretolani, 1993]. 
But the local processing and the pruning method as are 
respectively presented in [Dubois et al., 1993] and [Pre
tolani, 1993] do not contribute to the heuristic to select 
the next branching variable. We find the first effective 
exploitation of UP heuristic in POSIT [Freeman, 1995] 
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and Tab leau [Crawfo rd and A u t o n , 1996] wh ich use a 
s im i la r idea as in C - S A T to determine the variables to 
be examined at a node by u n i t p ropagat ion : x is to be 
examined i f f x is among the k most weighted variables 
by a M o m ' s heur is t ic . 

T h e m a i n difference o f Sa tz w i t h Tableau and P O S I T 
is t h a t Sa tz does no t specify a upper bound k of the 
number of var iables to be examined at a node by u n i t 
p ropaga t ion . Ins tead, Sa tz specifies a lower bound . In 
fac t , Sa tz examines many more variables by an op t ima l 
combinat ion o f u n i t propagat ion and M o m ' s heurist ics. 

G iven the dep th of a node, Tab le 1 i l lust rates the aver
age number of var iables examined ( # e x a m i n e d _ v a r s ) at 
the node by Sa tz , w i t h the dep th o f the roo t being 0 . In 
order to compare w i t h C -SAT , Tableau and P O S I T we 
also give the theoret ica l value of kc (for C -SAT) , kT ( for 
Tableau) and kp ( for P O S I T ) a t the node, respect ively 
according to the def in i t ions of k in [Dubois et a l . , 1993; 
C rawfo rd and A u t o n , 1996; Freeman, 1995]. 

Table 1: Average number of variables examined in Satz 
at a node in a given depth when solving a hard random 3-
SAT problem of 300 variables and 1275 clauses (500 problems 
are solved) compared with theoretical value of k in C-SAT, 
Tableau and POSIT 

It is clear that Satz examines many more variables at 
each node than any of C-SAT, Tableau or POSIT. Near 
the root, Satz examines all free variables. Elsewhere 
Satz examines a sufficient number (T) of variables. 

We compare C-SAT, Tableau, POSIT and Satz on a 
large sample of hard random 3-SAT problems on a SUN 
Sparc 20 workstation wi th a 125 MHz CPU. The 3-SAT 
problems are generated from 3 sets of n variables and 
m clauses at the ratio rn /n = 4.25, n steping from 300 
variables to 400 variables by 50. 

We use an executable of C-SAT dated July 1996. The 
version of Tableau used here is called Stab and is the 
same used for the experimentation presented in [Craw
ford and Auton, 1996]. POSIT is compiled using the pro

vided make command on the SUN Sparc 20 workstation 
from the sources named posit-1.0.tar.gz1. Table 2 shows 
the performances of the 4 DPL procedures on problems 
of 300, 350, and 400 variables, where t ime standing for 
the real mean run t ime is reported by the unix com
mand /usr /b in / t ime and t_size standing for search tree 
size (number of nodes) is reported (or computed from 
number of branches reported) by the DPL procedures. 

Table 2: Mean run time (in second) and mean search tree 
size of C-SAT, Tableau, POSIT and Satz on ratio m/n=4.25 

Table 2 shows that Satz is faster than the above cited 
versions of C-SAT, Tableau and POSIT, Satz's search 
tree size is the smallest, and Satz''s run time and search 
tree size grow more slowly. Table 3 shows the gain of 
Satz compared with the cited version of C-SAT, Tableau 
and POSIT at the ratio m/n=4.25. Each item is com
puted from Table 2 using the following equation: 

where value is real mean run time or real mean search 
tree size and system is C-SAT, Tableau or POSIT. From 
Table 3, it is clear that the gain of Satz grows with the 
size of the input formula. 

Table 3: The gain of Satz vs. C-SAT, Tableau and POSIT in 
terms of run time and search tree size on the rat io m/n=4.25 
computed from Table 2 

T h e centra l st rategy of Satz is to t r y to reach an 
emp ty clause as early as possible. Fur ther a long the l ine, 
we make two re lat ive ly sma l l resolvents-dr iven improve
ments in Sa tz . T h e f i rs t improvement is the preprocess-
ing o f the i npu t f o r m u l a by add ing some resolvents o f 
length 3, T h e second improvement consists in ref in
ing yet more the heur ist ic H in the nodes where a l l free 
variables are examined by u n i t p ropaga t ion . Refer to 
F igure 2 , when P R O P z i s equal to P R O P o we define 
w ( x ) as the number of resolvents the newly produced 
b inary clauses wou ld result in in F ' by a single step of 
resolut ion. is s im i l a r l y def ined. 

1 publicly available via anonymous f tp to ftp.cis.upenn.edu in 
pub/freeman/ directory 
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Satz improved in this way solves many real-world or 
structured SAT problems where previous heuristics were 
not successful. For example, Table 4 shows the perfor
mance of the 4 DPL procedures on the well-known Bei
jing challenging problems2, where a problem that can not 
be solved in less than 2 hours is marked by "> 7200" 
and the version of Tableau is called ntab3. It is clear 
that Satz is much more efficient and solves many more 
problems in less than two hours. 

Table 4: Run time (in sec.) of Beijing challenging problems 

6 Conclusion 
We found that UP heuristic is substantially better than 
Mom's one even in its pure form realized by PROPo 
where all free variables are examined at all nodes. In 
its restricted forms based on combinations of unit prop
agation and Mom's heuristics, the more variables are 
examined, the smaller the search tree is, confirming the 
advantages of UP heuristic, but too many unit propaga
tions slow the execution. The combinations realized by 
P R O P 4 1 and PROP31 represent good compromises. 

A dynamic restriction such as PROP3141 which 
strengthens the restriction under a fixed depth of a 
search tree fails to work better than the static restric
tion PROP31. We design the dynamic restriction along 
another line: PROPz ensures that at least T candidates 
are examined by unit propagation at every node of a 
search tree by successively using PROP41, PROP31 and 
PROPo, giving the very efficient and very simple DPL 
procedure called Satz. 

Satz is favorably compared with several current state-
of-the-art DPL implementations (C-SAT, Tableau and 
POSIT) on a large sample of hard random 3-SAT prob
lems and the recent Beijing SAT benchmarks. The good 
performance of Satz on the structured or real-world SAT 
problems shows that UP heuristic can tackle new prob
lems or problem domains where Mom's heuristics were 

2available from http://www.cirl.uoregon.edu/crawford/beijing 
3available from http://www.cirl.uoregon.edu/crawford/ 

not successful and enhances the belief that if a DPL pro-
cedure is efficient for random SAT problems, it should 
be also efficient for a lot of structured ones. 
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