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Abs t rac t 
One of the questions in understanding the rela
tion between circumscription and consistency-
based nonmonotonic logic is - can default logic 
be expressed in circumscription? Whi le it 
seems impossible to express default logic in ex
isting forms of circumscript ion, is it neverthe
less possible to express default logic in a cer-
tain extension of circumscription? This paper 
presents a construction of "default logic" in the 
spir i t of circumscript ion. It has been shown 
that the new formalism, circumscriptive exten
sion, is indeed an extension of circumscription. 
The equivalence of the new formalism and de-
fault logic is shown to hold under certain con
dit ions, which demonstrates that default logic 
can be expressed by merely classical logic wi th 
a fixed point operator. 

1 In t roduc t i on 
Various logics have been developed to formalize non-
monotonic reasoning [Fei87]. They mainly fal l into 
two camps: consistency-based logics, such as default 
logic [Rei80] and autoepistemic logic [Moo85], and 
minimal model-based logics, such as various forms of 
circurnscriptions[McC80, Lif85). Understanding the re
lation between the two is impor tant . I t w i l l not only 
enable us to compare the relative expressive powers of 
these logics, but it may also suggest a logic wi th the 
advantages of both approaches. 

To compare the expressive powers of these logics, two 
questions are asked: can circumscription be expressed in 
default logic or autoepistemic logic, and vice versa. 

The former question has been answered by Ethering-
ton [Eth87] and Konolige [Kon89]. Etherington showed 
that circumscription can be translated to default logic 
under the domain closure assumption. Konolige ex-
tended the autoepistemic logic so that it can handle 
'quant i fy ing- in \ and then showed that circumscription 
can be translated to the extended autoepistemic logic. 

The latter, expressing default logic in 
circumscription* [Gro84], seems to be more interesting. 
One of the reasons is that circumscription is w i th in the 

* Since the equivalence between default logic and autoepis
temic logic has been established[Kon87], the solution to the 

framework of classical logic, which has been well-studied 
and has many known properties. In addi t ion, circum
script ion avoids consistency checks; it seems more at
tract ive computationally. 

Whi le it is desirable to express default logic in the 
existing forms of circumscript ion, it is, unfortunately, 
impossible to do so. Imiel inski[ lmi87] proved that de
faul t logic could not be modular ly translated to circum
scription in general. Informally, circumscription seems 
to correspond to default logic w i th a special form of de
fault - that is, normal default wi thout prerequisites. It 
has diff iculty in expressing non-normal default, which is 
very useful in dealing w i th certain problems in common 
sense reasoning[Mor88, Gel88]. 

A natural question then, is whether it is possible to ex
tend circumscription so that it has the expressive power 
of default logic. Tha t is, is it possible to construct a 
"default logic" in the spir i t of circumscription? Since 
circumscription is nothing but an axiomatization of a 
certain nonmonotonic reasoning in classical logic, the 
above question then becomes - is it possible to axiom-
atize the type of nonmonotonic reasoning permit ted by 
consistency-based logics in terms of classical logic, wi th
out referring to modal operators, non-language expres
sions (such as defaults, which need consistency tests), 
and fixed points? 

Some of the extensions of circumscript ion, such as 
autocircumscription[Per88] and introspective 
circumscription[Lif89], do extend the expressive power 
of circumscript ion. In part icular, they can express cer
tain non-normal defaults. However, a closer examina
t ion shows that they are st i l l not as expressive as default 
logic or autoepistemic logic, in the sense that inconsis
tency may arise in some cases where default logic and/or 
autoepistemic logic are consistent . 

The results in this paper demonstrate that certain l im
itat ions of the expressive power of circumscription are 
not due to the language (first-order in most cases, plus a 
certain second-order formula) itself. Almost all the ex
pressive power of default logic can be achieved by mere 

problem of expressing default logic in circumscription will 
automatically lead to the solution to a similar problem for 
autoepistemic logic. 

f Application of antocircuinscription or introspective cir
cumscription to the Yale Shooting Problem in [Gel88]'s for
mulation is one of the examples. 
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classical logic w i th a fixed point operator. This further 
clarifies the relation between circumscription and default 
logic. 

This paper is organized as follows. We begin w i th an 
informal discussion which leads to the formal definition 
and semantics of a circumscriptive extension for a default 
theory. We then show that the new formalism is indeed 
an extension of circumscript ion. We proceed to show 
that the circumscriptive extension and the original ex
tension of default logic, as defined by Reiter[Rei80], are 
equivalent under the domain closure assumption and the 
unique names assumption. Finally, we show the applica
tions of the new formalism to some well-known problems 
in default reasoning, problems that involve non-normal 
defaults. 

2 Consistency, Min imizat ion and Fixed 
Point 

In this section, we discuss what is necessary and what 
is not necessary for default reasoning. We also suggest-
how circumscription can be extended so that it wi l l have 
the expressive power of default logic. 

Classical logic allows us to represent our knowledge 
about the world by sentences of a logical language and to 
derive more facts about the world through its deductive 
system. However, our knowledge about the world is in 
most cases incomplete. To fi l l in the gaps, assumptions 
are often made in default reasoning. These assumptions 
are often based on what is known, as well as what is 
not known. In order to formalize this, nonmonotonic 
logic augments the classical logic wi th certain mecha
nisms which can permit assumptions to be made under 
certain conditions. 

In default logic, rules called "default" are used for this 
purpose. A default correctly captures the patterns in 
default reasoning: assume whenever a is known and 

is not known. Al though a default looks simple, it 
turns out to be quite expressive. For instance, Konolige 
[Kon87] shows that every set of sentences in autoepis-
temic logic, which involve complicated constructions as 
embedded L-operators, can be effectively rewritten as a 
default theory. However, default logic departs from clas
sical logic in that it expresses the defaults neither in the 
language of classical logic, nor as inference rules. Also, 
default logic requires an explicit consistency test, which 
is not even semidecidable. 

On the other hand, circumscription is a second-order 
formula, which means that it requires nothing more than 
classical logic. In particular, ignorance of knowledge is 
detected by formula or predicate minimization instead of 
by an explicit consistency test. Circumscription seems, 
however, incapable of expressing non-normal defaults. 
The main reason is that it always forces the predicate 
circumscribed to be minimal in itself. In fact, f inding a 
minimal extension of a formula (or a maximal extension 
of the negation of the formula) is very closely related to 
the consistency test of a formula. Consider a sentence T 
and a predicate Q, for an individual a in the universe. 

is consistent w i th T) is equivalent to 
the fol lowing; there exists a model M of T, such that 

M J= Q(a) . Assuming that models of T have the same 
universe and denotation functions, a set of all a such that 
T -Q(a) is clearly the union of extensions of Q in all 
those models 1. The union of al l such extensions, similar 
to a minimal extension of a predicate, can be expressed 
by a second-order formula, which can be used as the 
basis for sanctioning other formulas. This wi l l allow us 
to have a formalism wi th ful l expressive power of default 
logic but st i l l w i th in the classical logic. In addit ion, we 
wi l l gain the abil i ty to reason about open domain freely, 
as we shall show later. 

In both default logic and autoepistemic logic, the con
sistency of a formula is tested globally (wi th respect to 
the final set of beliefs, instead of the premises). This 
is especially necessary when non-normal defaults are in
volved, because otherwise, inconsistency may arise when 
new assumptions are added. To test the consistency of a 
formula globally, the concept of a fixed point seems to be 
inevitable. The use of fixed point does not change the 
language itself, but it complicates the logic. It seems 
that this is the price we have to pay to gain the full 
expressive power of the default logic. 

In what follows, we show how defaults can be repre
sented by second-order formulas, and how an extension 
of a default theory can be defined as a fixed point. 
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Since the first-order sentences that follow from circum-
scription are true in all P-minimal models of A, circum
scription corresponds to the sentences that follow from 
all circumscriptive extensions of (A, {: -P(x)f-P(x)}). 
This reflects the different attitude between default logic 
and circumscription towards nonmonotonic reasoning, 
as pointed out by [Eth87]. Default logic is a "brave" 
reasoner while circumscription is "cautious". In defin
ing circumscriptive extension, we follow the "brave" ap-
proach of default logic. To be "cautious*", one can always 
just believe the sentences that follow from all circum
scriptive extensions. 

In addition, in a more general definition of circum
scription, some of the predicates are considered as vari
ables and the others are fixed. While in translating de
fault theory to circumscriptive extension, however, all 
the predicates are considered as variables. As has been 
proven in [DeK89], fixed predicates are not essential in 
circumscription. In other words, fixed predicates can be 
eliminated by circumscribing a slightly different set of 
axioms A, while allowing all predicates to vary. Because 
of this, the above results can be extended to circumscrip-
tion with fixed variables, 

5 Ci rcumscr ip t ive Extension and 
Defaul t Logic Extension 

In this section, we establish a relation between circum
scriptive extension with default logic extension. First, 
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where A is a conjunction of (9) and (10), and D contains 
(11) to (14). 

There are two circumscriptive extensions for this de
fault theory. 

7 Conclusion 
In this paper, we constructed a "default logic" in the 
spirit of circumscription. We showed that it is indeed an 
extension of circumscription and it has the expressive 
power of default logic. These lead us to conclude that: 
\. Default logic can be expressed by classical logic w i th 
a fixed point operator. Certain syntactic structures in 
consistency-hased logics such as modal operator, non-
language expressions like defaults, and consistency test 
are not essential. Fixed point construction, however, is 
necessary. 2. The method of circumscription provides 
some f lexibi l i ty in reasoning about "open domain". 3. 
Our extension of circumscription sti l l cannot conjecture 
the unique-names assumption". 
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"An extension of circumscription which does that can be 
found in [RaW89]. 
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