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A b s t r a c t 

A constraint satisfaction problem, or CSP, can 
be reformulated as an integer linear program
ming problem. The reformulated problem can 
be solved via polynomial mul t ip l icat ion. If the 
CSP has n variables whose domain size is m, 
and if the equivalent programming problem in
volves M equations, then the number of solu
tions can be determined in t ime 0(nm2M--n). 
This surprising l ink between search problems 
and algebraic techniques allows us to show im
proved bounds for several constraint satisfac
t ion problems, including new simply exponen
t ia l bounds for determining the number of solu
tions to the n-queens problem. We also address 
the problem of minimizing M for a part icular 
CSP. 

1 I n t r o d u c t i o n 

We are interested in solving certain search problems 
that arise in combinatorics and in art i f icial intelligence. 
These problems are called Constraint Satisfaction Prob
lems (CSP's), and include such famil iar tasks as graph-
coloring and the n-queens problem. Typical ly, such 
problems are solved via exhaustive search. We propose 
an alternative method, based on converting the CSP into 
an integer linear programming problem, which can be 
solved via polynomial mult ip l icat ion. 

In section 2 we describe constraint satisfaction prob
lems and show how they can be converted into inte
ger linear programming problems. We describe how to 
solve integer linear programming problems via polyno
mial mult ip l icat ion in section 3, and analyze the t ime 
requirements of this approach. In section 4 we give an 
example of our method, applying it to the n-rooks prob
lem, and show some surprising similarities w i th standard 
search techniques. In section 5 we address the problem 
of finding a good integer linear programming equivalent 
of a CSP, while in section 6 we describe some extensions 
to our techniques. Final ly, in section 7, we derive new 
simply exponential bounds for the n-queens problem and 
the toroidal n-queens problem. 
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can do provably better than backtrack search for some 
problems, in the fol lowing sense. Backtracking counts 
the number of solutions by enumerating them, and hence 
must take at least as much t ime as the number of solu
tions. Our techniques can determine the number of solu
tions wi thout actually enumerating them, so the number 
of solutions is not a lower bound on our running t ime. 

2.2 C o n v e r t i n g C S P ' s i n t o i n t e g e r l i nea r 
p r o g r a m m i n g p r o b l e m s 

Our basic approach is to turn a CSP into an integer 
linear programming problem. For every possible assign
ment vi <— dj we introduce a variable XIJ. Then for every 
CSP variable vi, we have an equation 

(1) 

This expresses the fact that every CSP variable has ex
actly one value. In addit ion, for every set of assign
ments that the constraints prohibi t , we have an inequal
i ty which states that no more than one of these assign
ments can hold at once. For example, if the pair of 
assignments is forbidden by the con
straints, we wi l l have the inequality 

(2) 

Now consider the problem of f inding all solutions to the 
equations of the form (1) and (2) over the non-negative 
integers. ( I t is clear that any solution wi l l assign every 
variable Xj either 0 or 1.) This is an integer linear 
programming problem, which corresponds to the original 
CSP. There are nm variables xj, and a solution to the 
set of equations w i th xj = 1 corresponds to a solution 
to the CSP containing the assignment vi,-<--dj. 

3 So lv ing CSP's by m u l t i p l y i n g 
po l ynom ia l s 

An integer linear programming problem is a set of l in
ear Diophantine inequalities. We can use an approach 
based on generating functions to determine the num
ber of solutions. This involves mul t ip ly ing out a certain 
polynomial, and gives us a way of solving the original 
CSP. 

3.1 S o l v i n g l i n e a r D i o p h a n t i n e equa t i ons 

A set of M linear Diophantine equation in N unknowns 
has the form 

(3) 

The Xj's are the unknowns, and the Wi j ' s and S,'s are 
non-negative integers. The problem at hand is to de
termine the number of solutions over the non-negative 
integers. 

Consider the generating function 

(4) 

The formal parameters of this function are the variables 
Y1 Y , and on such variable i s associated wi th each 
equation. We need one non-tr ivial b i t of mathematics: 
the number of solutions to equation (3) is the coefficient 
of 

in (This fact was proved in [Euler, 1748], and is 
discussed in [Schrijver, 1986, pages 375-376].) 

3.2 A p p l i c a t i o n s t o i n tege r l i nea r p r o g r a m m i n g 

Now consider the integer linear programming problem 
corresponding to a CSP. Every Wi wi l l be either 0 or 
1. Assume for the moment that all the equations are of 
the form (1), hence si = 1. (We wi l l relax this restric
tion shortly.) We can count the number of solutions by 
finding the coefficient of the monomial Y = Y1 Y2 • • • YM 
in . We apply the identity 

to equation (4), giving 

We can further simplify this if we remember that we 
are only interested in the coefficient of Y. We can there
fore ignore any term divisible by the square of any Yi 
(terms that are not so divisible are called square free). 
By a slight abuse of notation we wi l l refer to the square 
free part of the generating function as . We next note 
that 

where these latter terms are not square free and so can 
be discarded. This gives us an expression for Φ as a 
product of binomials, namely 

(7) 

Al l we need do in order to find the number of solutions 
to the system of equations is compute the coefficient of 
Y in equation (7). 

The obvious way to solve this problem is to simply 
mult ip ly out Φ and look at the correct term of the result. 
We can do this iteratively: we mul t ip ly the first two 
binomials of Φ and throw away the terms that are not 
square free, then repeat w i th the next binomial, etc. 

We can now relax our assumption that all the equa
tions are of the form (1). Suppose that instead we have 
exactly one Diophantine inequality 

(8) 
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This impl ic i t ly defines two equalities, one of which has 
0 on the r ight hand side, and one of which has 1. The 
number of solutions to the inequality is the sum of the 
number of solutions to the two impl ic i t equalities. 

At f irst glance, it would seem that solving a system 
w i th α inequalities would require solving 2α impl ic i t sys
tems of equalities. However, a closer look at the gener
ating funct ion shows that we only need to solve one of 
these impl ic i t systems. Suppose that we replace each in
equality w i th an equality that has a 1 on the right hand 
side and examine the square free part of $. The number 
of solutions to each of the 2α impl ic i t systems of equal
ities wi l l be the coefficient of the appropriate term of 

For example, suppose that there are three equations 
Yo, Y1 and Y2 , and one inequality 

α<1 (9) 

where α is a sum. The inequality (9) impl ic i t ly asserts 

α = 0 (9.0) 

or 
p=l. (9.1) 

The number of solutions to the original system (which 
included (9)) is the sum of the number of solutions when 
(9) is replaced by (9.0) plus the number of solutions when 
(9) is replaced by (9.1). 

However, suppose that we simply replace (9) by (9.1) 
and calculate Φ. Let Y3 be the generating function vari
able associated w i th (9.1). The number of solutions is 
the coefficient of Y0Y1Y2Y3 in Φ. However, the number 
of solutions when (9) is replaced by (9.0) is also part 
of Φ, namely the coefficient of Y0Y1Y2 . We thus do not 
need to calculate separate generating functions for both 
systems of equalities impl ic i t ly defined by (9). We can 
simply replace the inequality by an equality w i th 1 on 
the r ight hand side and calculate Φ. At the end, we add 
together coefficients for the impl ic i t systems of equali
ties to determine the number of solutions to the original 
problem. 

To summarize, we can replace the inequalities w i th 
equalities and calculate the square free part of Φ. The 
tota l number of solutions wi l l no longer be the coefficient 
of Y, but rather the sum of 2 coefficients of different 
terms. This justif ies our earlier assumption that the in
teger linear programming problem consisted entirely of 
equalities of the form (1). 

3.3 T i m e r e q u i r e m e n t s 

The t ime required to solve the CSP is the t ime to mul
t ip ly out the polynomial Φ. We can do this in N itera
tions, where on each i terat ion we mul t ip ly a binomial by 
a polynomial that represents the product thus far. Two 
polynomials can be mult ip l ied in t ime proport ional to 
the product of their size, so we need to bound the size 
of the intermediate results. 

Naively, there could be as many as NM terms, since 
there are M Y 's , and the degree of each one is potential ly 
as high as N. However, remember that at each stage 
we wi l l discard all the terms that are not square free. 

( In algebraic terminology, this is described as doing the 
computation over the polynomial r ing 

z[y1,...,YM]/(Y1
2,...,Y2M) 

instead of Z [ Y 1 , . . . , YM].) This gives a better bound on 
the number of terms. Every Y wi l l have degree 0 or 1, 
hence there are no more than 2M terms. 

Summarizing, if we compute i teratively we wi l l do 
N mult ipl icat ions, where each mul t ip l icat ion computes 
the product of a binomial and a polynomial w i th no more 
than 2M terms. Each mult ip l icat ion wi l l take t ime 2M+1, 
which is 0(2M). This puts a bound of 0 ( N 2 M ) on the 
total t ime complexity of our algor i thm.1 We wi l l show 
in section 6.2 how to reduce the exponent to M — n in 
the worst case. 

It is worth not ing that we cannot expect to find a 
polynomial t ime method for determining the value of an 
arbi trary coefficient of Φ. [Schrijver, 1986] proved that 
integer linear programming is NP-complete even when 
the coefficients involved are restricted to be 0 or 1. 

4 An example o f ou r approach 

The n-rooks problem consists of placing n rooks on an 
n-by-n chessboard so no two rooks attack each other. 
Whi le it is clear that the solutions to this problem are 
the n! permutations of n elements, this problem has a 
part icularly simple encoding as an integer linear pro-
gramming problem, and is therefore a useful example 
of our approach. 

There are n2 assignments Vi<—dj for this CSP, so we 
wi l l convert i t into a programming problem wi th n2 vari
ables Xij. There wi l l be 2n equations.2 The equations 
specify that there is exactly one rook in each row and 
each column. A typical equation is 

x2,1 + x2 , 2 + . . . + X2,n = 1, (10) 

which encodes the fact that there is exactly one rook in 
the 2nd column. We can number these 2n equations so 
that equation i says that there is exactly one rook in the 
i'th column, and equation n+i says that there is exactly 
one rook in the i ' th row. The formal parameter Y, of the 
generating function corresponds to the f ' t h constraint 
equation. 

Apply ing equation (7), Φ is a product of n2 binomi
als. There wi l l be one binomial for every square on the 
chessboard, and the binomial for the square in row t and 
column j w i l l be 

The number of solutions is the coefficient of 

Y = Y1 • • • Yn Yn+1 • • • Y2n 

in the expansion of Φ. 

1This analysis ignores the time required for scalar multi
plication. We can take this into account by noting that the 
size of the coefficients will be bounded by MN, hence their 
length is 0(N log M). So the scalar multiplication can be 
done in time 0(Nl\og Mlog(N \og M)\og\ag(N log M)) [Aho 
et a/., 1974]. 

2 In section 5 we will discuss how to find good encodings. 
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Surprisingly, there is a way of mul t ip ly ing out Φ that 
corresponds closely to backtrack search. Suppose that 
we at tempt to find all combinations of binomial terms 
whose product is Y. We can start by picking the second 
(i.e., non-constant) te rm of (1 + Yn+iYj). This forces 
us to pick the first (constant) term of every binomial 
whose second term includes either Yn+1 or Y j, to en
sure the product is square free. Now we can pick the 
non-constant te rm of some other binomial and continue, 
unt i l we have produced Y. The number of such com
binations wi l l be the coefficient of Y in the expansion 
of Φ. ( I t is also possible that the combination of terms 
selected guarantees that no selection of terms from the 
remaining binomials wi l l produce Y. The simplest ex
ample of this occurs when a term has been selected from 
all but one binomial w i thout producing Y, where the re
maining binomial 's non-constant term does not contain 
the missing Y. This phenomenon, which does not oc
cur in the n-rooks problem, wi l l be used to improve our 
performance guarantee in section 6.2.) 

This whole process corresponds closely to a simple 
search of the original CSP. Choosing the non-constant 
term of the binomial (1 + Y n _ i Y j ) places a rook on 
the equivalent square, while choosing the constant term 
means there is no rook on that square. The process 
described above corresponds to placing a rook on the 
chessboard square in row i and column j , and thus en
suring there is no rook in any other square in that row 
or column. At the end, we wi l l have satisfied every con
straint and produced a solution. The alternative out
come, where we cannot satisfy every constraint, corre
sponds to a failure in backtrack search. 

Note that the expansion of Φ does not explicit ly repre
sent the solutions. In fact, which assignments constitute 
a particular solution is lost by this approach, as the iden
t i ty of the binomials is not recorded. We wi l l show how 
to explici t ly represent solutions in section 6.1. However, 
the fact that solutions are not explicit ly represented is an 
advantage of our approach, as the number of solutions 
is no longer a lower bound to our running time. Apply
ing the analysis of section 3.3, for this problem we have 
N = n2 and M = 2n, so our running time is 0(n24n). 
This is significantly smaller than n!, the number of solu
tions, which is about 4 0 (n log n). 

We have just described a correspondence between a 
way to compute the coefficient of Y in the expansion of 
Φ and a simple search technique for solving the origi
nal CSP. However, searching all the combinations of bi
nomial terms is not our intended method. We believe 
it would be better to mul t ip ly Φ out iteratively, as de
scribed earlier. Whi le this does not correspond in any 
obvious way to applying backtrack search to the orig
inal problem, it does seem to have some similarity to 
breadth-first techniques. It may thus be susceptible to 
parallel implementation techniques like those described 
in [Dixon and de Kleer, 1988]. 

5 F i n d i n g a good encod ing 

A potential diff iculty w i th our approach is that the run
ning t ime is exponential in M, the number of equations 
needed to encode the CSP. There can be many such en

codings, and it is important to be able to find a good one. 
Clearly M must be at least n, as there is an equation of 
the form (1) for each CSP variable. The remaining equa
tions come from the constraints. The problem is to find 
a way of encoding the constraints as small number of 
equations. 

In the simplest encoding, there is an equation like (9) 
for every pair of assignments that the constraints rule 
out. However, this can be quite a lot of equations, as 
the following example illustrates. In the case where all 
pairs of assignments are ruled out this wi l l result in n2m2 

equations, while, as we wi l l see, there is an encoding that 
results in only 1 equation. 

Let us define the assignment graph corresponding to a 
particular CSP. The nodes of the assignment graph rep
resent assignments, and there is an edge between two 
nodes if their assignments are ruled out by the con
straints. A clique C in this graph corresponds to a set of 
pairwise incompatible assignments. The transformation 
described in section 2.2 wi l l produce a variable x i.j for 
every node, and wil l use (") equations, wi th the equation 

expressing the fact that these two assignments are in
compatible. However, we can describe the fact that all 
the assignments in C are pairwise incompatible wi th the 
single equation 

So we really only need one equation for every clique. 
If all pairs of assignments are incompatible, the entire 
assignment graph is a clique, and so the constraints can 
be represented wi th 1 equation instead of needing n2m2. 

For the n-queens problem, the assignment graph has a 
node for each square on the chessboard. Two nodes are 
connected if queens on the two corresponding squares 
would attack each other. The maximal cliques corre
spond to the columns, rows, diagonals and antidiagonals 
of the chessboard. 

We can therefore reduce the size of M by encoding ev
ery clique as a single equation. In an opt imal encoding, 
M can be as small as the size of the smallest covering by 
cliques of the assignment graph. Because the problem of 
covering a graph by cliques is NP-complete [Garey and 
Johnson, 1979], finding an opt imal encoding would take 
exponential t ime. For special cases like the chessboard 
problems described above, it is easy to find an optimal 
encoding, but, in general we would have to settle for a 
sub-optimal encoding. It is also possible to phrase the 
problem as finding a small vertex cover for the assign
ment graph, and this can also reduce M. 

5.1 W h i c h CSP ' s have g o o d encod ings? 

One obvious question is whether there is a better charac
terization of the CSP's that have good encodings. While 
we do not have a very good answer to this question, an 
observation due to Bob Floyd suggests that there may 
be a relationship between the number of solutions to the 
CSP and the smallest possible value for M. Floyd has 
pointed out that a solution to the CSP corresponds to 
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an n-clique in the complement of the assignment graph 
(equivalently, an independent set of size n in the assign-
ment graph). It is possible that work in combinatorics 
wi l l produce a relationship between the number of inde
pendent sets of fixed size in a graph and the size of the 
smallest vertex cover. Such a relationship would produce 
a characterization of the CSP's where our algori thm can 
be expected to work well , in terms of the number of so
lutions. 

6 Some extensions 

The method described above relies on mul t ip ly ing out 
the polynomial Φ defined in equation (7). A simple mod
if ication to Φ allows us to solve the enumeration prob
lem instead of the counting problem. It is also possible 
to reduce the running t ime of our algori thm by carefully 
arranging the order in which the binomials comprising 
Φ are mul t ip l ied out. 

6.1 S o l v i n g t h e e n u m e r a t i o n p r o b l e m 

Suppose that instead of determining the number of solu
tions to our CSP, we are interested in enumerating these 
solutions. We can st i l l convert the CSP into an integer 
linear programming problem, and solve it via polynomial 
mul t ip l icat ion. The only difference is that we now need 
to consider a sl ightly different function than Φ. 

Recall that we start by converting our CSP into a set 
of equations in N = rnn variables, one variable per as
signment Vi<—dj. Let us introduce N different variables 

, Now consider a slight variation of Φ, 
namely 

( i i ) 

We can solve the enumeration problem by determining 
the coefficient of Y in the expansion of Φ, just as we 
did w i th Φ. 

Suppose we mul t ip ly out Φ by selecting terms from 
different binomials. The a ; ' s w i l l keep track of which 
binomials had their non-constant side selected. When 
we have a solut ion, the coefficient of Y wi l l the prod
uct of a number of the j's, which wi l l encode a solu
t ion. When Φ is mult ip l ied out completely (i teratively 
or otherwise), the coefficient of Y w i l l not be an integer, 
but rather the sum of a number of different products of 
atj's. Every such product is a solution to the CSP, and 
all solutions appear as such products. 

6.2 R e d u c i n g t h e r u n n i n g t i m e 

An observation due to John Lamping can be used to 
reduce the running t ime of our algori thm from 0(nm2M) 
to 0 ( n m 2 M " n ) . Suppose that before we mul t ip ly out 
Φ we first t r y to identify a subset S of the binomials 
comprising Φ and a variable Y such that 

• Y never appears outside of the binomials in S, and 

• some other variable Y1 does not appear in S. 

If we had such an S and Y, we could effectively reduce 
the number of variables by 1. 

We can do this by first computing the product of the 
binomials in 5. This can be grouped into terms based 
on the highest power of Y that divides each term 

where S i is not divisible by Y, and as usual we can dis
card the non square free terms. If Y is contained in the 
coefficient(s) corresponding to solutions to the CSP, then 
we can replace S by S\. We can then forget about Y, as 
it never appears in the remaining part of Φ. Since Y' did 
not appear in S, this reduces the number of variables by 
1. 

Reducing the number of variables reduces the running 
time of our algor i thm as well, which is exponential in the 
number of variables. It turns out that we are guaranteed 
that there exist at least n such pairs of 5's and Y 's . This 
enables us to reduce the number of variables f rom M 
to M — n, which in turn reduces our running time to 
0(nm2M-n) . 

There are n such S and Y pairs because the encod
ing of a CSP wi l l have a single equation for each CSP 
variable, representing the fact that the variable must be 
assigned exactly one value.3 Let Y correspond to the 
equation which constrains the CSP variable v to have 
exactly one value, and consider the binomials in Φ that 
contain Y. These are exactly the binomials that cor
respond to possible values for v, so there can be only 
m of them. Furthermore, this set of binomials forms 
an appropriate 5, since no Y' corresponding to another 
CSP variable can appear. There are n such Y 's , one per 
CSP variable, and these Y's wi l l always appear in the 
coefficient(s) that we need to calculate. 

It is even possible to take advantage of such 5's and 
Y 's when Y does not necessarily appear in the required 
coefficients. (Recall that this is a result of the integer 
linear programming equation that corresponds to Y ac
tual ly representing an inequality, as discussed at the end 
of section 3.2.) If this happens, we can replace 5 by 
So + S\ and sti l l discard Y. This has the effect of sum
ming the coefficients that stand for the solutions to the 
two impl ic i t systems of equalities early in the computa
t ion, rather than wait ing to mul t ip ly Φ out before cal
culating this sum. 

We can thus reduce the number of variables by at least 
n. As we saw in section 4, each binomial corresponds 
to a possible assignment Vi+—dj. The ordering that is 
guaranteed to reduce the number of variables by n cor
responds to considering all the assignments for a fixed 
V i before moving on to the next CSP variable. On the 
n-queens problem this is equivalent to mul t ip ly ing out 
the binomials in row-major order. 

7 Some new bounds 
An addit ional advantage of our approach is that we can 
produce non-tr iv ial upper bounds for solving certain con
straint satisfaction problems. So far, we have confined 
out attention to CSP's based on placing pieces on a 
chessboard. 

3 An encoding that does not have this property corre
sponds to a CSP whose unsatisfiability can be easily detected 
via arc consistency [Mackworth, 1977]. 
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The classic such problem is the n-queens problem, 
which was known to Gauss. The n-queens problem con
sists of placing n queens on an n-by-n chessboard so that 
no two queens attack. A variation of this problem is the 
toroidal n-queens problem, where lines of attack between 
queens are considered to 'wrap ' as if the board were a 
torus. The toroidal n-queens problem has str ict ly fewer 
solutions than the (regular) n-queens problem. 

To our knowledge there is no known bound for CSP 
search algorithms for this problem, beyond the t r iv ia l 
bound of n n . In fact, there is some evidence that the 
number of solutions to the toroidal problem (and hence 
to the regular problem) is larger than exponential [Rivin 
and Vardi , 1989]. 

The toroidal n-queens problem can be formulated as a 
simple set of equations. There are n2 variables Xj. There 
are also An equations, one for each column, row, diagonal 
(top to bot tom) and anti-diagonal. So we have M = 4n, 
N = n 2 . Apply ing the above results, our algorithm can 
determine the number of solutions in t ime 0 ( n 2 8 n ) . 

For the regular n-queens problem, again N = n 2 , but 
this t ime there are 2(2n — 1) inequalities for the diago
nals. This gives us M = 6n — 2, and a running time of 
0 ( n 2 3 2 n ) . 

However, if we do the mult ipl icat ion in row-major or
der, it turns out that only 3n variables wi l l need to be 
active at once. This can be seen by not ing that the top 
row involves 3n constraints. Moving to the next row 
adds a new row constraint and removes the old row con
straint. The far left square of the new row eliminates 
an antidiagonal constraint (all the squares involved in 
that constraint have been eliminated), and adds a new 
diagonal constraint, while the far r ight square eliminates 
a diagonal constraint and adds a new antidiagonal con
straint. This gives us a much better bound of 0 ( n 2 8 n ) . 
Our prel iminary experiments wi th this algorithm have 
been promising. 

8 Conclusions 
We have shown a surprising connection between solv
ing search problems and mul t ip ly ing certain polynomi
als. The performance is very simple to analyze, and we 
can show new bounds for several constraint satisfaction 
problems. 

Our approach also holds our the possibility of apply
ing sophisticated algebraic techniques to constraint sat
isfaction problems. For example, it is possible that the 
coefficient of Y in Φ can be estimated, thus providing 
an approximate count of the number of solutions. Also, 
complex mathematical results like those in [Anshel and 
Goldfeld, 1988] can be used to provide an upper bound 
on the number of solutions by studying the generating 
function directly, using the theory of modular forms. 

Our algori thm also shares some surprising properties 
w i th Seidel's method [Seidel, 1981]. Like Seidel, we pro
duce a method which is easy to analyze, and which gives 
a bound that is exponential in a certain parameter of 
the problem. Seidel's parameter / is a property of the 
topology of the constraint graph, which can be shown 
to be 0(n) for planar graphs. Our parameter M is a 
property of the way the problem gets encoded as an in

teger linear programming problem, which can be shown 
to be linear for variants of the n-queens problem 

Seidel faces the problem of making / small, which in 
general requires exponential t ime. Similarly, we face the 
problem of making M small, which requires solving an 
NP-hard problem involving graph cliques. The simi
larities between our algorithm and Seidel's, as well as 
Lamping's observation described in section 6.2, suggest 
that our algorithm may be viewed as dynamic program
ming. We are currently exploring this possibility [Rivin 
and Zabih, 1989]. 
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