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Abstract 
A p l a n calculus is presented which is being used to represent 

p r o g r a m s and a l i b ra ry of standard data and control abstractions in 
t h e p r o g r a m m e r ' s apprent ice . Important features of this formalism 
i n c l u d e : p rogramming language independence, additivity, 
v e r i f i a b i l i t y and mult ip le points of v iew. The logical foundations of 
t h e r e p r e s e n t a t i o n are specif ied formally using a situational 
ca l cu lus in wh i ch side ef fects and overlapping mutable data 
s t r u c t u r e s are accounted tor. The plan calculus is comparedwi th 
o t h e r fo rma l i sms , such as program schemas, and its advantages 
p o i n t e d ou t . 

1. Introduction 
this paper r e p o r t s on recent developments in a formalism 

c e l l e d the plan calculus which is being used in the programmer's 
a p p r e n t i c e [ 2 7 ] to represent and reason about programs The 
p l a n ca lcu lus was or ig inal ly developed by Rich and Shrobe [25 ] 
a n d w a s subsequen t l y e laborated by Shrobe [ 3 4 ] and Waters [38]. 
M o s t r e c e n t l y the author has extended the plan calculus by adding 

d a t a Abs t rac t i on and mult iple points of v iew, as well as by 
p r o v i d i n g a fo rma l semantics. 

The goa l of the programmer 's apprentice project is to develop 
a k n o w l e d g e - b a s e d tool for program development The 
p r o g r a m m e r ' s appren t ice attacks the complexity barrier [41 ] in 
p r o g r a m m i n g i n severa l w a y s . 

( i ) by p r o v i d i n g an on- l ine database of design decisions, 
d o c u m e n t a t i o n and descr ipt ions of a program's design at various 
l e v e l s o f de ta i l ; 

( i i ) by reason ing about these descriptions to detect 
i ncons i s tenc ies and predict the influence of incremental changes; 

( i i i ) and by p rov id ing a l ib rary of standard forms for use in 
p r o g r a m c o n s t r u c t i o n and analysis. 

This p a p e r focusses on the representat ion used in building the 
l i b r a r y of s tanda rd forms. Reasoning about plans will not be 
d i s c u s s e d in deta i l (see [34 ] ) , other than to describe the formal 
s y s t e m in w h i c h such reasoning takes place; nor will the detailed 
c o n t e n t s of the l i b ra ry be discussed, other than to show some 
e x a m p l e s . 

The u t i l i t y of a l i b ra ry of standard forms in program 
d e v e l o p m e n t is mot iva ted by the observat ion that expert 
p r o g r a m m e r s .( l ike expe r t s in many other fields) are distinguished 
f r o m nov ices by thei r use of a much richer vocabulary of 
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i n t e r m e d i a t e leve l programming concepts The novice programmer 
t h i n k s of cons t ruc t i ng a program out of assignments, tests, arrays, 
DO l o o p s , e tc . , whereas the expert programmer works with larger, 
less language-spec i f i c concepts, such as searching, accumulation, 
h a s h i n g , e tc . There are deep reasons for this having to do with 
manag ing the complex i ty of the design process [26). To the extent 
t h a t t h e p rog rammer ' s apprent ice can provide a l ibrary of such 
s t a n d a r d bu i ld ing blocks, the programmer benefits by a reduction 
in t h e amount he needs to say to construct a program 

The idea of develop ing l ibrar ies of standard software 
c o m p o n e n t s to gain the same benefi ts that the use of standard 
c o m p o n e n t s has p rov ided in other areas of engineering is not 
n e w [ 3 2 ] . I be l ieve that part of the reason ef forts in this direction 
h a v e not b e e n more successful is because of deficiencies in the 
f o rma l i sms used. The plan calculus is an attempt to remedy these 
de f i c i enc i es . 

2. The Plan Calculus 
To a f i r s t approx imat ion , the plan calculus may be thought of as 

u n i f y i n g in one formal ism ideas f rom f lowchart schemas [18 ] , data 
f l o w schemas [ 8 ] , p rogram transformations [6,1,5] and abstract 
d a t a t y p e s [ 1 7 ] An example of a plan is shown in Fig. 1. The 
d e t a i l s of the no ta t ion used in this f igure can wait until later; for 
n o w the reader may note that a plan is basically a hierarchical 
s t r u c t u r e made up of d i f ferent kinds of boxes and arrows. The 
i n n e r rec tangu la r boxes denote operat ions and tests, while the 
a r r o w s b e t w e e n boxes denote data f low (solid arrows) and control 
f l o w (ha t ched a r rows ) The chief features of this representation, 
as c o m p a r e d w i t h prev ious formalisms are as follow, 

( i ) Language independence To achieve some measure of 
canon ica l f o r m , the p lan calculus suppresses features of a program 
w h i c h s tem soley f rom the way an algorithm must be expressed in 
a p a r t i c u l a r p rogramming language. 

( i i ) Additivity. For a l ib rary to be easy to use, the rules for 
c o m b i n i n g fo rms must be s t ra igh t fo rward and explicit In the plan 
c a l c u l u s , the resul t of combining two non-contradictory forms is 
a l w a y s a f o r m which satisf ies the constraints of both of the 
o r i g i n a l f o rms . 

( i i i ) Verifiability. Simply having a l ibrary of standard forms 
a d d r e s s e s on ly the low product iv i ty part of the software crisis. 
T h e p lan calculus also prov ides leverage on the software reliability 
p r o b l e m by p rov id ing a methodology (in this case, an axiomatic 
seman t i cs ) for ver i f i ca t ion of l ib rary components. Furthermore, 
t h i s me thodo logy prov ides a f ramework in which inconsistencies 
b e t w e e n uses of s tandard forms can be detected. 

( i v ) Multiple Points Of View. Mult iple and overlapping points of 
v i e w a re r e p r e s e n t e d in the plan calculus by overlays between 
p l a n s . An example of an over lay is shown in Fig. 2 (to be 
d i s c u s s e d f u r t h e r in the next section) Overlays are used to 
e x p r e s s the re la t ionsh ip be tween levels of implementation, to 
d e s c r i b e o v e r l a p p i n g module hierarchies, and to decompose data 
a n d c o n t r o l s t r uc tu res in ways which make their relationship to the 
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l ibrary more explicit. 
An additional desideratum we set for representing the library 

of standard forms in the programmer's apprentice is that the 
formalism must be neutral between analysis, synthesis and 
verif ication of programs. This turns out to be of great practical 
importance for building an interactive programming aid, since in 
real program design situations all three of these activities are 
Intermingled. A neutral representation of standard forms is also 
theoretically more interesting since it is more likely a priori to 
capture significant features of human understanding of these forms 
than a representation tailored specifically for analysis, synthesis 
or verification only. 
Comparison with Other Formalisms 

Past efforts to construct knowledge bases for automatic or 
partially automated programming have used one of the following 
formalisms: program schemas [11], program transformations 
(6,1,5], program refinement rules [2], or formal grammars [30]. 
Although each of these representations has been found useful in 
certain applications, none combines all of the important features of 
the plan calculus listed above. This section will serve both to 
contrast the plan calculus with these other formalisms, and as the 
preliminary to a more careful definition of the plan calculus to 
follow. 

For example, program schemas (incomplete program texts with 
constraints on the unfilled parts) have been used by Wirth [42] to 
catalog programs based on recurrence relations, by Basu and 
Misra [3 ] to represent typical loops for which the loop invariant is 
already known, and by Gerhart [11] and Misra [23] to represent 
and prove the properties of various other common forms. 
Unfortunately, the syntax of conventional programming languages 
is not well suited for the kind of generalization needed in this 
endeavor. For example, the idea of a search loop (a standard 
programming form) expressed informally in English should be 
something like the following. 

A search loop is a loop with two exits in which a given 
predicate (the same one each time) is applied to a succession of 
objects until either the predicate is satisfied, in which case that 
object is made available for use outside the loop, or the objects to 
be searched are exhausted. 

In Lisp, as in other languages, this kind of loop can be written 

Figure |. Plan for a Search Loop 

in innumerable forms, many of which are syntactically (and 
structurally) very different, such as: 

(prog ( ) 

LP (COND (exhausted (RETURN N I L ) ) ) 

(COND {{predicate current)(RETURN current))) 

(60 LP)) 

or wi th only one RETURN instead of two, 
(PROG () 

LP (COND (exhausted NIL) 
(T . . . 

(CONO ((predicate current) 
(RETURN current))) 

(60 LP)))) 
or even recursively, e.g. 

(OCFINE SEARCH () 
(COND (exhausted NIL) 

(T . . . 
(COND ((predicate current) current) 

(T . . . 
(SEARCH)))))) 

The problem here is that conventional programming languages 
ere oriented towards specifying computations in enough detail so 
that a simple local interpreter can carry them out. Unfortunately a 
lot of this detail is often arbitrary and conceptually unimportant. 
In the plan calculus, all three of the schemas above (and many 
other such variations) are expressed by the single plan shown in 
Fig. 1. 

A new generation of programming languages descended from 
Simula (7), such as CLU[16] and Alphard [33), provide a syntax 
for specifying standard forms such as the search loop in a more 
canonical way. However, there are two more fundamental 
difficulties with using program schemas to represent standard 
program forms, which Simula and its descendants do not solve. 
First, programs (and therefore program schemas) are not in 
general easy to combine, nor are they additive. This means that 
when you combine two program schemas, the resulting schema is 
not guaranteed to satisfy the constraints of both of the original 
schemas, due to such factors as destructive interactions between 
variable assignments. Second, existing programming languages do 
not allow multiple views of the same program or overlapping 
module hierarchies. I believe the reason for this is that a program 

Figure 2. Overlay Between Accumulation on the Way Down vs. Up. 

Rverse-accumulation Iterative - accumulation. 

reverse> Iterative-accumulatio 
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is still basically thought of, from the standpoint of these languages, 
as a set of instructions to be executed, rather than as a set of 
descriptions (e.g. blueprints) which together specify a 
computation. 

Currently the most common way to represent relationships 
between standard forms (typically implementation/abstraction 
relationships) is via program transformations or program 
refinement rules [2]. As compared to overlays, these formalisms 
have two serious problems which stem from their lack of 
neutralness between analysis and synthesis, An overlay in the 
plan calculus, as in Fig. 2, is made up of two plans and a set of 
correspondences between the parts of the two plans. Each plan 
represents a point of view; the correspondences express the 
relationship between the points of view. For example, in an 
Implementation overlay the plan on the right hand side is the 
abstract description and the plan on the left hand side is an 
implementation. It is important, however, that either plan can be 
used as the "pattern". In a typical program synthesis step using 
overlays the right hand plan is used as the pattern and the left 
hand plan is instantiated as a further implementation Conversely, 
in a typical analysis step, the left hand plan serves as the pattern 
and the right hand plan is instantiated as a more abstract 
description. With both program refinement rules and Knowledge-
based' program transformations this sort of symmetric use is not 
possible since the right hand side of a transformation or 
refinement rule is typically a sequence of substitutions or 
modifications to be performed, rather than a pattern. 

A second problem stemming from the asymmetry of program 
transformations and refinement rules is their lack of verifiability. 
The correctness of an overlay in the plan calculus is verified by 
proving essentially that the the constraints of the plan on the left 
hand side, together with the correspondences (which are formally 
a set of equalities between terms on the left and terms on the 
r ight) imply the constraints of the plan on the right hand side. 
Neither Balzer's transformation language nor Green and Barstow's 
refinement tree notation has been adequately formalized to permit 

the question of correctness to be addressed. The recent work of 
Broy and Pepper [A] is an improvement in this direction, since 
their transformations have program forms on both the left and 
right hand sides, with associated proof rules. Unfortunately, they 
use program schemas as the representation of the standard forms 
which has the difficulties discussed above. 

Another formalism some have found attractive for codifying 
programming knowledge is formal grammars. For example, 
Ruth [30 ] constructed a grammar (with global switches to control 
conditional expansions) Which represented the class of programs 
expected to be handed as exercises in an introductory PL/1 
programming class. This grammar was used in a combination of 
top-down, bottom-up and heuristic parsing techniques in order to 
recognize correct and near-correct programs. Miller and 
Goldstein [22] also used a grammar formalism (implemented as an 
augmented transition network) to represent classes of programs in 
a domain of graphical programming with stick figures. The major 
shortcoming of these grammars from the point of view of the 
programmer's apprentice is their lack of a clear semantics upon 
which a verification methodology can be based. 

3. A Situational Calculus 
Before defining the plan calculus more formally, we first need 

to introduce the underlying logical foundations using a situations! 
calculus similar to the one developed by Green [13] and used by 
McCarthy and Mayes [20]. A situational calculus is a variant of 
predicate calculus in which certain variables and constants are 
interpreted as denoting situations. Situations can be thought of 
informally as "instants in time" or "states of the workf. 

1. As Opposed to the folding-unfolding and similar 
transformations of Burst all and Darlington [5] which are intended 
to be a small set of very general transformations which are 
formally adequate, but which must be composed appropriately to 
construct intuitively meaningful implementation steps. 

Side Effects 
One basic issue to be addressed in the logical foundations of 

the plan calculus is the description of mutable objects. In 
programming, as in the everyday world of physical objects, objects 
can change their behavior (or properties) over time without 
changing their identity. The approach taken by Green to this 
problem was to add an extra situational variable to the various 
function and relation symbols which described the time-dependent 
aspects of objects. So for example, for a mutable set A he would 
wr i te member(x,A,s) to assert that x is a member of A at time s. 
At some other time t=s, it then might be the case that 
¬member(x,A,t). We then say that A has been modified or that a 
side effect has occurred. 

This situational notation becomes awkward, however, when one 
introduces defined relationships between objects. For example, 
suppose we wish to assert that between situations s and t some 
elements may have been removed from set A, but none have been 
added. The appropriate relation to use here is subset. In Green's 
approach we are forced to define subset as follows, adding two 
situational arguments 

subset(A,B,s,t) == Vx [ member(x,A,s) D member(x,6,t) ]. 
We then would then assert subset(A,A,t,s) to specify the indicated 
side effect. 

This paper proposes ar\ alternative situational calculus which 
allows us to preserve the standard algebra of set relations. 
Mutable objects are treated formally here as functions from 
situations to behaviors. Behaviors are mathematical domains, such 
as sets, in which there are no side effects, i.e. in which an axiom of 
extensionality similar to the one for sets applies ' A mutable set, 
such as A, is then formally a function from situations to sets. So 
for example we could write 

A(s)={1,2,3} 
A(t)-{1,2} where s≠t. 

and A( t )£A(s) to specify the side effect discussed above. 

This is the most straightforward example of specifying side 
effects. Additional complexity enters in when side effects are 
combined with hierarchical objects (objects with objects as parts) 
and multiple points of view. The representation of such side 
effects in the situational calculus in these more complex cases will 
be touched upon slightly in the upcoming sections on data plans 
and overlays. These topics are treated in detail in [28}, 
Shrobe [34] also discusses some techniques for reasoning about 
such complex side effects 
Control Flow 

In addition to distinguishing the different behavior states of 
mutable objects, situations can be used to represent control 
information. This is achieved formally by introducing a'primitive 
partial order on situations, called Precedes Intuitively, this 
relation captures the notion of states occuring before or after 
other states. This relation also makes it possible to talk about 
cyclic computations in which all objects return to the same state as 
at some earlier time. 

Another basic feature of control flow we need to deal with in 
the situational calculus is conditionals. To do so formally, we 
Introduce a distinguished constant J_ into the domain of situations, 
such that Vs precedes(s.x) 

Intuit ively, _ represents a situation which is never reached. 
As we shall see in the following section, j_ appears in the axioms 
for tests as a way of saying that the two branches of a test are 
mutually exclusive. X also gives us the power to talk about the 
termination of a loop. 
Computations 

Given objects and situations, we can by induction construct a 
domain of n-tuples (and n-tuples of n-tuples) in which the base 
components are objects and situations. We call each such n-tuple 

1. The axiom of extensionality for sets states that two sets are 
equal if and only if they have exactly the same members. 
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a computation. So for example, the 3-tuple <A,s,t> is a 
c o m p u t a t i o n invo lv ing the object A and situations s and t. If the 
a s s e r t i o n s g i v e n in the example above for A, s and t hold, then this 
c o m p u t a t i o n invo lves a side effect to the mutable set A. 

As we shal l see in the next section, a plan is formally a 
predicate on computat ions (w i th the syntactic variation of referr ing 
to t h e componen ts of an n- tuple by selector functions rather than 
b y n u m e r i c a l index). 

4 Plans 
We are now in a posi t ion to give a formal definit ion of the plan 

ca l cu lus . In do ing so, it is important to distinguish three levels of 
d e f i n i t i o n : 

(i) PLan Diagrams. 
Th is is t he diagrammatic notat ion i l lustrated in Fig. 1 and Fig. 2. 
H i s t o r i ca l l y this was the f i rst level of the plan calculus to be 
d e v e l o p e d and is st i l l the notat ion which is used most by the 
a u t h o r f o r i n tu i t i on and explanation. It is also the abstract "mental 
l a n g u a g e " of the programmer 's apprentice, i.e. the most natural 
l a n g u a g e in wh ich to describe its operations and strategies 
( T h e r e of course also has to be a concrete implementation of this 
l a n g u a g e in computer memory, as discussed below) 

( i i ) Formal Semantics. 

A sys temat i c method is g iven to translate each form of plan 
d i a g r a m in to the axiomit izat ion of a predicate in the situational 
ca l cu lus . This axiomat izat ion provides the rules of inference on 
p l a n s , v e r i f l a b i l i t y and addi t iv i ty (combination of plans has the 
same f o rma l p r o p e r t i e s as union of axiom systems) Note also that 
f o r p r e s e n t a t i o n purposes the actual formulae associated with 
s o m e cons t ra i n t s in plans wi l l o f ten be omitted from plan diagrams, 
a n d t h e ex i s tence of a constraint just indicated by an arc between 
t h e c o n s t r a i n e d par ts . 

( i i ) Implementation. 
S e v e r a l d i f f e r e n t representa t ions of the plan calculus as Lisp data 
s t r u c t u r e s have been implemented and used by the author, Shrobe 
a n d W a t e r s . Two ear ly versions of the implementation used a 
g e n e r a l p u r p o s e fu l ly inver ted assertional data base with pattern 
m a t c h i n g (similar to the one used in Conniver [21]) in which a 
s e p a r a t e asser t i on was s to red to represent each feature (box, 
a r r o w , etc. ) of a p lan diagram A subsequent re-implementation by 
W a t e r s o p t i m i z e d this data base by providing specific access paths 
t a i l o r e d to the specif ic assert ion types and pattern matching that 
w a s r e q u i r e d by the current programmer's apprentice system. 
Mos t r e c e n t l y a t h i r d vers ion was implemented using McAllester's 
t r u t h main tenance system [ 1 9 ] in which the logical axioms are 
r e p r e s e n t e d exp l ic i t l y w i th additional extra-logical annotation to 
e n c o d e the d iagram level information The implementation level 
w i l l not be d iscussed fur ther in this paper, other than to show the 
e x t e r n a l L isp fo rm in which plan definitions are entered in the 
most r ecen t ve r s i on 

The basic idea of a p lan, as used in the programmer's 
a p p r e n t i c e , comes f rom an analogy between programming and 
o t h e r e n g i n e e r i n g act iv i t ies [26 ] . "Plans" of various Kinds are used 
by many d i f f e ren t kinds of engineers. For example, an electrical 
e n g i n e e r uses c i rcui t diagrams and block diagrams at various levels 
of a b s t r a c t i o n ; a s t ruc tu ra l engineer uses large scale and detailed 
b l u e p r i n t s wh i ch show both the architectural framework of a 
b u i l d i n g and also var ious subsystems such as heating, wiring and 
p l u m b i n g ; a mechanical engineer uses overlapping hierarchical 
d e s c r i p t i o n s of the interconnect ions between mechanical parts and 
assemb l ies 

P rog ramming is v iewed here as a process involving the 
c o n s t r u c t i o n and manipulat ion of specifications at various levels of 
a b s t r a c t i o n . In this v iew, there is no fundamental distinction 
b e t w e e n spec i f ica t ions and programs. A program (eg in l isp) is 
m e r e l y a spec i f i ca t ion which is detailed enough to be carried out 
by some par t i cu la r i n te rp re te r . This view is consistent with the 
c u r r e n t t r e n d in computer science towards wide spectrum 
l a n g u a g e s . The advantage of this approach is that various parts of 
a p r o g r a m des ign can be ref ined to different degrees without 

I n t e r v e n i n g shi f ts of formalism 

The c u r r e n t p lan calculus is based on a very simple model of 
c o m p u t a t i o n (some limitations of this model and possible future 
e x t e n s i o n s are discussed in the conclusions section). In this model 
all compu ta t i ons are composed out of three types of primit ives: 
o p e r a t i o n s , tes ts , and pr imit ive data objects. Corresponding to 
e a c h of these pr imi t ive types , there is a primitive specification 
f o r m in the p lan calculus. Operations are specified by input-output 
spec i f i ca t i ons (precondi t ions and postconditions). Tests are 
s p e c i f i e d by a condi t ion on the inputs which determines whether 
t h e tes t succeeds or fails Primit ive-data objects are specified an 
a p p r o p r i a t e mathematical theory , such as numbers, sets or 
f u n c t i o n s . 

Plans are composi te specifications constructed by the uniform 
mechan i sm of def in ing par ts (called roles) and constraints. Two 
k inds of plans are dist inguished according to the types of the 
r o l e s . Data plans speci fy data structures whose roles are primitive 
d a t a o b j e c t s or o ther data structures Data plans Thus embody a 
k i n d o f da ta abst rac t ion . 

Temporal plans speci fy computations whose parts are 
o p e r a t i o n s , tes ts , data s t ructures or other composite computations. 
The p l a n for a search loop in Fig 1 is an example of a temporal 
p l a n . In add i t ion to arb i t ra ry logical constraints between roles, 
t e m p o r a l p lans also include data flow and control flow constraints. 
T e m p o r a l p lans thus embody a kind of control abstraction Since 
t e m p o r a l p lans can have embedded data plans, and the same 
c o m p o s i t i o n a l mechanism is used for both, control and data 
a b s t r a c t i o n are un i f ied in the plan calculus. The following sections 
d e s c r i b e the diagrams and formal semantics for each kind of plan 
i n d e t a i l . 

I npu t -Ou tpu t Specifications 

In p l an diagrams an input -output specification is drawn as a 
s o l i d rec tangu la r box w i th solid arrows entering at the top and 
l e a v i n g the b o t t o m , as shown in Fig. 3. Each arrow entering at the 
t o p r e p r e s e n t s an input ; each arrow leaving the bottom represents 
an o u t p u t . Const ra in ts between inputs (preconditions) and 
b e t w e e n o u t p u t s and inputs (postconditions) are usually omitted in 
p l a n d iagrams. 

The de f i n i t i on of Set-add in the external format of the current 
d a t a base implementa t ion is shown in Fig. 3 next to the diagram. 
S e t - a d d has t w o inputs Old (constrained to be a set) and Input 
( w h i c h may be an object of any type); and no other preconditions. 
T h e o n l y ou tpu t of Set-add is named New (a set). The 
p o s t c o n d i t i o n s of Set -add specify that the New set has exactly the 
same members as the Old set, w i th the sole addition of the Input. 
In t e r m s .of its semantics, this input-output specification is 
t r a n s l a t e d i n to a t y p e predicate on computations, Set-add, defined 
as s h o w n be low . 1 

F i g u r e 3. Input-output Specification for Adding to a Sat 
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Note that each input and output name becomes a function 
s y m b o l w h i c h is the selector function for a component of a 
c o m p u t a t i o n . Such funct ions are called role functions Thus input-
o u t p u t spec i f ica t ions (and also tests), although introduced as 
p r i m i t i v e a b o v e , are in fact composite from the standpoint of the 
f o r m a l semant ics . Input and output names are treated the same as 
r o l e names in o ther composite plans. 

No te t w o ro le funct ions in the defini t ion above, In and Out, 
w e r e impl ic i t in the DEFIOSPEC form. These are situational roles 
w h i c h c o r r e s p o n d in tu t ive ly to the situations immediately 
p r e c e d i n g and immediately fo l lowing the execution of the specified 
o p e r a t i o n . The constra int be tween them is that the In situation 
p r e c e d e s the Out s i tua t ion , and that they co-occur. Co-occur is an 
e q u i v a l e n c e on s i tuat ions which is defined as follows 

Th is means that if the In si tuat ion is reached, it follows that the 
Out s i t ua t i on is reached, i.e. the operat ion terminates; and 
c o n v e r s e l y , i f the In s i tuat ion does not occur (i.e. S « J L ) , then the 
Out s i t u a t i o n does not occur. This converse implication, together 
w i t h the ax iomi t iza l ion of tests shown in the next section, 
g u a r a n t e e s that none of the situations which follow in control flow 
f r o m the fa i l u re side of a test occur 

F i na l l y , no te the terms old(aXm(a)) and new(aXout(a)) in the 
d e f i n i t i o n of Se t -add . Input and output role functions return 

objects w h i c h must be appl ied to the appropriate situational 
a r g u m e n t s to talk about their behavior.. Thus Old and New are 
m u t a b l e se ts ; howeve r this specif ication makes no commitment as 
to w h e t h e r or not the Input object is added by side effect (Note 
tha t we don ' t care about the behavior of the Input object here, 
o n l y i ts i den t i t y . ) Whether or not a side effect is allowed depends 
on t h e la rger p lan in which a part icular use of Set-add appears, 
s p e c i f i c a l l y on whether the Old set is used again after the 
o p e r a t i o n . Formal ly , the specif icat ion of the side effect comes 
d o w n to the ques t ion of equal i ty between the Old and New objects 
So fo r examp le , a special ized form (the specialization mechanism 
u s e d h e r e wi l l be expla ined fur ther below) of Set-add can be 
d e f i n e d by adding one more simple ppstcondit ion which stipulates 
t h a t t h e add i t i on be achieved by side effect. 

(DEFIOSPEC IMPURE-5ET-A00 SPECIALIZATION SET-AOO 
(010 INPUT) 
(MEW) 
() 
( ( • 010 NEW))) 

The meaning of this def in i t ion is shown oelow. Note that 
w h e t h e r or not the role funct ion is to be applied to a situational 
a rgumen t is encoded in the data base input notation by the 
p r e s e n c e or absence of parentheses around the role name in the 
c o n s t r a i n t exp ress ion . 

Test Specif icat ions 

In p lan d iagrams a test specif ication is drawn as a solid 
r e c t a n g u l a r box w i t h a d iv ided bottom par t , as shown in Fig. 4. 
The i n p u t s and ou tpu ts of a test specif ication and their types are 
i n d i c a t e d in the same way as the inputs and outputs of an input-
o u t p u t spec i f i ca t ion . A test also has preconditions and 
p o s t c o n d i t i o n s , just l ike an input-output specification. A test 
s p e c i f i c a t i o n d i f f e rs f rom an input -output specification in that two 
d i s t i n c t o u t p u t s i tuat ions, named Succeed and Fail, are implicitly 
s p e c i f i e d . Which one occurs depends on whether or not a given 

relation (called the condition of the test) holds true between the 
Inputs. Control flow arcs originating from either the part of the 
test box marked S (for succeed) or the part marked F (for fail) are 
then used to indicate which other parts of a plan are executed 
depending on the test. 

The definition of the test specification Apply-predicate written 
in the format of the current data base implementation is also 
shown in Fig 4. Note that this is the test specification used in the 
Found role of the Search-loop plan of Fig. 1. The two exit roles of 
Fig. 1 illustrate joins which are the mirror images of tests in the 
plan calculus. Joins are required in conditional plans to specify 
what the output is in each case 

Apply-predicate has two inputs Criterion (a predicate) and 
Input (any object to which the predicate is applicable); and no 
outputs. The test succeeds when the Criterion is true of the 
Input; otherwise it fails. In terms of its semantics, this test 
specification is translated into a type predicate on computations 
wi th three situational roles, In, Succeed and Fail, as shown below. 

From this way of defining tests it is possible to reason both 
backward and forward in time. For example, if the In situation is 
reached (i.e. ) and the Criterion is true, then it follows that 
the Succeed situation is reached. Conversely, if we know that the 
either the Succeed or Fail situation is reached, it follows that the 
In situation must have been reached. 
Data Plana 

Data plans are plans whose roles are primitive data objects or 
other data plans. In plan diagrams primitive data objects are 
drawn as solid ovals; data plans are drawn as dashed ovals. Data 
plans are used to represent standard data structure configurations 
which may be used in the implementation of more abstract data 
types. For example, the data plan Indexed-Sequence, shown in 
Fig. 5, represents the common cliche of a sequence (typically 
implemented more concretely as an array) with an associated index 
pointer. This configuration is typically used to implement such 
things as buffers, queues, and stacks (Implementation 
relationships are represented using overlays, which will be 
discussed further in an uDcoming section.) 

The plan Indexed-sequence has two roles; Base (a sequence) 

1. M o r e compl ica ted tests w i th more than two cases can be 
r e p r e s e n t e d by composing binary tests. Alternat ively, the test 
n o t a t i o n may be genera l ized to more than two cases 
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• n d I ndex (an in teger ) ; and the constraint that the Index is 
b e t w e e n z e r o and the length of the sequence. The definition of 
l n d e x e d - s e q u e n c e in the external format of the data base is also 
s h o w n i n F ig. 5 . 

Da ta p lans as a mechanism for data abstraction are similar in 
c e r t a i n w a y s to to algebraic axioms [14,12] and abstract data 
t y p e s [ 1 7 ] . The constra ints between roles of a data plan are 
s im i la r to wha t is cal led the invariant in other formalisms. From 
t h i s p o i n t of v i e w , the semantic translation of a data plan can be 
t h o u g h t of as a data type predicate. For example, lndexed-
s e q u e n c e , is de f i ned as shown below. 

A lgeb ra i c axioms and abstract data types, however, do not 
al low One to spec i fy side effects on data structures -- all 
o p e r a t i o n s are pu re l y funct ional . In the plan calculus, we single 
o u t t h e p r im i t i ve selector operat ions of the data abstraction, which 
b e c o m e the ro le funct ions. Side effects are then specified in terms 
of changes to the roles of a data structure. Note that lndexed-
s e q u e n c e is de f i ned as a predicate on behaviors not objects, i.e. I 
a b o v e is meant to denote a 2- tuple wi th components named Base 
• n d I ndex . A mutable indexed sequence is an object D such that, 
f o r e x a m p l e , D(s)-$. Aspects of this formalization of mutable data 
s t r u c t u r e s are similar to the approaches taken by Earley [9 ] , by 
R e y n o l d s [ 2 4 ] for reasoning about arrays, and by Guttag and 
H o r n i n g [ 1 5 ] 

The p lan calculus also represents sharing (i.e aliasing) in 
c o m p o s i t e da ta ob jec t s , which is not the case with algebraic axioms 
or abs t r ac t da ta t ypes . Space does not allow a full treatment of 
t h i s top ic h e r e (see [28 ] ) ; the basic idea is that the parts of a 
c o m p o s i t e da ta ob jec t can themselves be data objects, e g . 
base(D(s ) ) above is a mutable sequence In this formalization a 
s ide e f f e c t to base(D(s)) logically propagates to D(s) 
Tempo ra l Plans 

T e m p o r a l plans are the most general form of plan, in which 
b o t h da ta and con t ro l abstract ion can be expressed The roles of 
• t e m p o r a l p lan may be ei ther pr imit ive data objects, data plans, 
I n p u t - o u t p u t speci f icat ions or test specifications The most typical 
c o n s t r a i n t s b e t w e e n input -ou tpu t and test specification roles are 
d a t a f l o w and con t ro l f low constraints An example of the diagram 
f o r a t e m p o r a l p lan is shown in Fig. 6 (note that Fig. 1 earlier also 
i l l u s t r a t e s a tempora l plan). 

The Bump+update plan in Fig 6 has four roles: Bump, a 
s u b t r a c t one ope ra t i on ; Update, an operation to change one term 
in a sequence ; and Old and New, which are indexed sequence data 
s t r u c t u r e s . This p lan captures the cliched pattern of operations on 
•n i n d e x e d sequence in which the index is decremented and a new 
t e r m is s t o r e d . (Among other things, this is the implementation of 
■ Push o p e r a t i o n if the Old and New indexed sequences are viewed 
•s s tacks — see sect ion on over lays). 

So l id a r r o w s in a temporal plan diagram, such as between the 

F i g u r e 5. Data Plan for an Indexed Sequance. 

O u t p u t of the Bump step and the Index input of the Update step, 
d e n o t e da ta f l ow , i.e. the Output of Bump becomes the Index input 
of U p d a t e . This not ion of data f low is intuit ively one of the main 
s o u r c e s of add i t i v i t y in the plan calculus. An arbi t rary amount of 
o t h e r compu ta t i on may be added between Bump and Update as 
l o n g as t he s t ipu la ted data f low is not disturbed. As we shall see 
b e l o w , da ta f low constra ints are formalized logically as equalities 
b e t w e e n te rms wh ich denote the respective input and output 
p o r t s . The addit ional solid lines in Fig. 6 denote equality 
c o n s t r a i n t s b e t w e e n par ts other than the input and output ports of 
i n p u t - o u t p u t speci f icat ions. For example, the Base of the Old 
i n d e x e d sequence becomes the Old sequence input to the Update 
s t e p ; t he Base of the New indexed sequence is the New sequence 
o u t p u t o f the Update step. 

A second fea tu re of temporal plan diagrams introduced in Fig. 6 
is c o n t r o l f l ow (cross-hatched) arrows. The control flow arrow 
b e t w e e n Bump and Update means that the termination of the Bump 
s t e p p r e c e d e s (and implies) the init iat ion of the Update step. The 
e x t e r n a l p lan def in i t ion form for Bump4Update given in Fig. 6 
summar i zes all of these features. Also shown below are the input-
o u t p u t spec i f i ca t ions of the Subtract-one and Newterm, which are 
s t r a i g h t f o r w a r d . 
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t h i s p l a n makes no commitment to whether or not a side effect is 
i n v o l v e d . A specia l ized vers ion of Bump+update can be specified 
In w h i c h the Update s tep is specialized to an impure Newterm 
s p e c i f i c a t i o n and in wh ich the Old and New indexed sequences are 
c o n s t r a i n e d to be ident ical . Also note that the Input to Newterm 
( t h e va lue of the new term) is not constrained in this plan. 
T e m p o r a l p lans are typ ica l ly combined by providing data How from 
• n d t o such po r t s 

S h o w n be low is the semantics of the temporal plan Bump* 
u p d a t e w h i c h is de f ined , similar to input-output and test 
s p e c i f i c a t i o n s , as a predicate on computations 

The i n t e r p r e t a t i o n of this formal def ini t ion is left largely to the 
r e a d e r . The major complexi ty in translating temporal plans into 
t h e i r log ica l equ iva lent is in provid ing the appropriate situational 
a r g u m e n t s . In par t i cu la r , for roles which are data plans, such as 
O ld and New above , we posit the existence of some situation (eg 
s and t above) in which the constraints of the data plan hold, and 
t h e n asser t cons t ra in ts be tween the behavior of the parts in that 
s i t u a t i o n and the input and output ports to which they are 
c o n n e c t e d in the p lan diagram. The default situational arguments 
f o r i n p u t and ou tpu t por ts here are assigned the same way as in 
t h e c o r r e s p o n d i n g inpu t -ou tpu t specif ications, namely In for input 
o b j e c t s and Out for ou tput objects. 

The Bump+update plan does not i l lustrate an additional 
i m p o r t a n t f ea tu re of tempora l plans, namely the use of recursion 
to r e p r e s e n t loops. Recent work on Lisp interpreters [35 ] and 
c o m p i l e r s [ 3 6 ] suggests that the distinction between loops and 
s i n g l y r e c u r s i v e programs in which the recursive call is the last 
s t e p of the p rog ram (so called "tail recursions") should be 
c o n s i d e r e d on ly a super f ic ia l syntactic variat ion. The plan calculus 
t a k e s th is po in t of v iew. Recursion in plan diagrams (data plans 
may also be recu rs i ve l y def ined) is indicated by a spiral line as 
s h o w n in F ig . 1, the p lan for a search loop, introduced earlier 

P r o g r a m m i n g Languages 

The p lan calculus makes it possible to build a programmer's 
a p p r e n t i c e wh i ch is concerned wi th the syntactic details of 
d i f f e r e n t p rog ramming languages only at its most superficial 
i n t e r f a c e . In o rde r to translate back and fo r th between a given 
p r o g r a m m i n g language and the plan calculus, the primitives of the 
p r o g r a m m i n g language are d iv ided into two categories: 

( i ) The p r im i t i ve actions and tests of the language, such as CAR, 
COR, CONS, NULL and EQ in Lisp, are represented as input-output 
spec i f i ca t i ons and test specif icat ions. 

( i i ) The p r im i t i ve connectives, such as PROG, CONO, StTO, GO and 
RETURN in L isp , are rep resen ted as patterns of control and data 
f l o w cons t ra i n t s b e t w e e n operat ions and tests. 

The t rans la t i on f rom standard program text to an equivalent 
p l a n r e p r e s e n t a t i o n has been implemented for reasonable subsets 
Of L i sp [ 2 5 ] , Fo r t r an [ 3 9 ] and Cobol [10 ] . The translation from 
s u i t a b l y r e s t r i c t e d plans to Lisp code has also been implemented 
b y W a t e r s [ 4 0 ] . 

5. Relations Between Plant 
F ig . 7 is a small excerp t f rom the current plan l ibrary which 

i l l u s t r a t e s the the taxonomic s t ructure of the l ibrary. A first 
o b s e r v a t i o n to make about the nodes of the l ibrary shown in this 
e x a m p l e is that t hey are a mixture of both data abstractions (e.g. 

s e t , p r e d i c a t e , d i rec ted graph) and control abstractions (Find and 
T h r e a d - f i n d are i npu t -ou tpu t specif ications, and in general there 
are t e m p o r a l plans also). 

The fou r t ypes of relat ions which relate nodes of the l ibrary 
a r e named in the upper r ight hand corner of the figure next to an 
e x a m p l e of the t y p e of line or arrow used to represent each 
r e l a t i o n In the body of the f igure. The first relat ion, component, 
s i m p l y indexes which plans are used in the definit ion of other 
p l a n s , as fo r example Indexed-sequence was used in the defini l ion 
of Bump+upda te above. The next two relations are simple 
i n h e r i t a n c e re la t ionsh ips by which a plan inherits the roles and 
c o n s t r a i n t s of another plan and then adds its own additional roles 
or c o n s t r a i n t s or bo th . Specialization is the relation in which only 
c o n s t r a i n t s are added; extension involves adding roles (and usually, 
c o n s t r a i n t s b e t w e e n the new roles and the inherited ones). 

O v e r l a y s are the most important type of relation between plans 
in t he l i b r a r y because over lays represent significant additional 
k n o w l e d g e , such as the details of how one abstraction may be 
I m p l e m e n t e d in terms of another. The diagram notation and 
seman t i cs fo r ove r l ays are explained in the fol lowing section. 

S t a r t i n g w i t h Set in Fig 7, a typical question we might want to 
ask in the course of program analysis or synthesis is : what plans 
<e.g. i n p u t - o u t p u t speci f icat ions) are there in the l ibrary which use 
se ts? This t y p e of quest ion is answered in general by looking up 
t h e compos i t i on re la t ion ; in this example from Set to Find Find is 
an i n p u t - o u t p u t speci f icat ion w i th three roles an Input set, a 
C r i t e r i o n p red ica te and an Output object ; its precondition is that 
t h e r e ex is t an element of the Input set which satisfies the 
C r i t e r i o n ; i ts pos tcond i t ion is that the Output is such an element. 

O v e r l a y s po in t ing to a node answer questions of the form: 
w h a t imp lementa t ions are available for Find operations? In this 
e x a m p l e , one answer is that Find may be implemented as Thread-
f i n d , w h e r e the Input set is implemented as a thread. (Note that 
T h r e a d is a spec ia l izat ion of Directed-graph in which each node 
has at most one predecessor or successor and there are no 
cyc les . ) The i npu t -ou tpu t specif ications of Thread-find are shown 
b e l o w . It has th ree roles similar to F ind: an Input thread, a 
C r i t e r i o n p red ica te and an Output object ; its precondition is that 
t h e r e ex is t a node of the Input thread which satisfies the 
C r i t e r i o n ; i ts pos tcond i t ion is that the Output is such a node. 

F ina l l y , ex tens ion is a re lat ion between plans which can be used 
to access use fu l var ia t ions of a plan. For example, in the figure an 
e x t e n s i o n of Th read - f i nd is In terna l - thread- f ind. The Input-output 
s p e c i f i c a t i o n s of I n te rna l - t h read - f i nd are shown below. 
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Note that an addit ional output ro le, Previous, has been added 
w i t h t he cons t ra in t that it be the predecessor of the Output node 
In t h e Inpu t t h read . This is a ve ry common Kind of operation on 
d i r e c t e d g raphs when splicing of. nodes in and out is being 
p e r f o r m e d . In order to be used proper ly , Internal- thread-f ind 
mus t a lso have the addit ional precondit ion (from which its name is 
s u g g e s t e d ) that the Cr i ter ion is false for the root node of the 
I n p u t t h r e a d . 
Overlays 

O v e r l a y s p rov ide a mechanism »n the plan calculus for 
r e p r e s e n t i n g the re lat ionship between two different points of 
v i e w , each of wh ich is represented by a plan. Overlays are similar 
to Sussman's "s l ices" [ 3 7 ] , which he uses to represent 
e q u i v a l e n c e s in e lect ronic circuit analysis and synthesis. Formally, 
an o v e r l a y is a mapping f rom instances of one plan to instances of 
a n o t h e r . Such mappings are a very general mechanism; the 
i n t u i t i v e impor t of var ious over lays depends on what kind of plans 
a r e i n v o l v e d , whe ther the mapping is many-to-one or one-to-one, 
a n d h o w the mapping is def ined. 

An examp le of an over lay between a temporal plan and an 
i n p u t - o u t p u t speci f icat ion is shown in Fig. 8. Intuit ively, this 
o v e r l a y exp resses how a Push operat ion can be implemented by 
t h e Bump+upda te plan discussed above, given that the stack is 
i m p l e m e n t e d as an indexed sequence. Note that the diagram for an 
o v e r l a y is made up of a plan on the left hand side (which is the 
d o m a i n of the mapping) , a plan on the right hand side (which is the 
r a n g e of the mapping) , and a set of hooked lines showing a set of 
correspondences be tween roles of the two plans (which defines 
t h e mapp ing ) . In the external format of the current data base, an 
o v e r l a y is de f i ned as fo l lows 

Not i ce that each over lay has a name, eg Bump-fupdate>push,1 

w h i c h w i l l become a funct ion symbol in the formal semantics. 
C o r r e s p o n d e n c e s be tween roles are either simple equalities, as in 

(= INPUT PUSH) ( INPUT (UPDATE BUMP*UPDATE))) , 

w h i c h says that the Input to Push (the object which becomes the 
h e a d of the new stack) corresponds to the Input of the Update 
s t e p in the Bump+update plan; or correspondences which defined 
in t e r m s of o ther ove r lays , as in 

(= (OLD PUSH) ( INDIXED-SEQUENCED STACK (OLD BUMP+UPDATE ) ) ) 

The o v e r l a y lndexed-sequence>stack is an example of a many-
t o - o n e o v e r l a y b e t w e e n data plans. The basic idea of this overlay 
is t ha t an i ndexed sequence may be viewed as the implementation 
of a s tack In wh ich the head is the term of the sequence indexed 
by t h e c u r r e n t index, and the tail is , recursively, the sequence 
w i t h index one g rea te r . The formal definit ion of this overlay will 
n o t be s h o w n he re , as it is very similar to what is called an 
a b s t r a c t i o n func t ion in abstract data types The formal semantics 
Of t h e Bump+update>push over lay is the following function 
d e f i n i t i o n . 

1. This symbo l is in tended to be read "Bump and Update as 
Push". 

Imp lemen ta t i on over lays such as Bump+update >push and 
lndcxed~sequence>stack are typical ly many-to-one. There are 
also o n e - t o - o n e over lays in the l ibrary , which are naturally 
t h o u g h t of as prov id ing alternative points of view or 
t r a n s f o r m a t i o n s of data or control st ructure. For example, a Lisp 
l ist can be v i e w e d al ternat ively as a stack (i.e. a recursively 
d e f i n e d data s t ruc tu re ) , as a labelled directed graph (in particular 
a t h r e a d ) w h e r e i n the nodes are Cons cells connected by the Cdr 
r e l a t i o n and label led by the Car relat ion, or as a sequence wherein 
t h e i - t h t e r m is the Car of ( i - l ) t h Cdr. Each of these data plans 
p r o v i d e s i ts o w n vocabulary for specifying propert ies of a data 
s t r u c t u r e and a standard set of manipulations on it. There are 
o n e - t o - o n e ove r lays in the l ibrary between them so that the 
a p p r o p r i a t e point of view can be used depending on the 
p r o p e r t i e s and manipulations of interest, There are also one- to-
o n e o v e r l a y s in the l ib rary between temporal plans, such the 
O v e r l a y i n t r o d u c e d earl ier in Fig. 2 which captures the relationship 
in g e n e r a l b e t w e e n singly recursive programs which accumulate 
" o n the w a y d o w n " ( e g reverse copying a list) and those that 
accumu la te "on the way up" ( e g . copying a list). 

O ther o v e r l a y s of part icular interest are those which map from 
t e m p o r a l plans to data plans, in particular from recursive temporal 
p l ans to l i s ts . These latter are called stream overlays and embody 
a k i n d of abs t rac t ion in which the objects filling a given role at all 
l e ve l s in a recurs ive plan are v iewed as a single data structure. 
For e x a m p l e , the re is a stream overlay in the l ibrary by means of 
w h i c h the succession of Input 's to the Found test in the Search-
l o o p p lan are v i e w e d as a list; and if that overlay is composed with 
t h e o v e r l a y to v iew a list as the implementation of a set, then 
S e a r c h - i o o p can be v iewed as the implementation of the Find 
s p e c i f i c a t i o n discussed above This method of abstraction provides 
a v e r y p o w e r f u l means of decomposing loops and recursions in a 
w a y w h i c h makes their behavior much clearer than the standard 
i n v a r i a n t asser t ion method For a further discussion of this idea 
see W a t e r s [ 3 9 ] . 

A f ina l po int to note regarding the use of overlays is that they 
a r e no t on l y par t of the laxonomic structure of the plan l ibrary, 
t h e y are also used to construct the refinement tree of a particular 
p r o g r a m . This t ree encodes the design history of a program at 
many leve ls of deta i l . A way in which overlays differ from other 
r e f i n e m e n t t r ee notat ions is that overlays permit Overlapping 
imp lemen ta t i ons [ 2 9 ] , where components that are distinct at one 
l e v e l of abs t rac t i on share parts at lower levels. This is a real 
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f e a t u r e of good eng ineer ing design and is an important way in 
w h i c h o v e r l a y s are an improvement over previous notations. 

6. Final Remarks 
The emphasis in this paper on representat ion rather than 

r e a s o n i n g has a l lowed no mention of an important dimension of the 
p l a n calcu lus In the programmer's apprent ice, reasoning about 
p l ans takes p lace w i th in a system [ 1 9 ] which maintains explicit 
d e p e n d e n c i e s b e t w e e n each assert ion in the data base. These 
d e p e n d e n c i e s are crucia l for support ing evolutionary design and 
d e b u g g i n g of p rograms. Each over lay in the l ibrary has a p re ­
c o m p i l e d n e t w o r k of dependencies between the specifications on 
t h e le f t and r ight hand sides (called its Ideological structure) 
w h i c h is ins tan t ia ted along w i th the par ts , constraints and 
c o r r e s p o n d e n c e s when it is used 

T h e r e are severa l areas in which we have found the current 
p l a n ca lcu lus def ic ient and hope to extend it further in the future 
I m p o r t a n t among these are the fo l low ing: 

( i ) Performance Considerations A way of formalizing time and 
space t r a d e - o f f s is needed, both for the l ibrary and for reasoning 
a b o u t pa r t i cu la r p rograms. 

( i i ) Error Handling. The non-local f low of control typically 
I n v o l v e d in e r r o r handl ing code is not well represented in the 
c u r r e n t p lan calculus. 

( i i i ) Global Shared Data. Programs which communicate primarily 
by i n s e r t i n g and r e t r i ev ing information in a global shared data 
b a s e are not we l l decomposed by the data flow ideas in the 
c u r r e n t ca lcu lus. 

F ina l l y , we in tend to invest igate the usefulness of the plan 
ca lcu lus in o the r p lanning contexts. In part icular, I believe there is 
p o t e n t i a l fo r a f r u i t f u l f low of ideas back and for th between 
p r o g r a m unders tand ing (analysis, synthesis and verif ication) and 
r o b o t p lann ing (e.g. Abst r ips [31] ) . Many of the insights 
u n d e r l y i n g the p lan calculus or iginate from work in robot planning; 

1 a lso be l i eve some of the techniques developed in the plan 
ca l cu lus fo r r ep resen t i ng and reasoning about overlapping data 
s t r u c t u r e s and side ef fects have bearing on aspects of the 
c lass ica l " f r ame p r o b l e m " [ 2 0 ] in robot planning. 
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