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I n t r o d u c t i o n 

In t h i s paper we d e s c r i b e an e f f i c i e n t way o f 
b u i l d i n g a p o l y h e d r a l a p p r o x i m a t i o n o f a s e t o f p o i n t 
on a s u r f a c e in 3-D space o b t a i n e d by a l a s e r range 
f i n d e r . The a l g o r i t h m i s a g e n e r a l i z a t i o n o f an 
e x i s t i n g a l g o r i t h m f o r p o l y g o n a l a p p r o x i m a t i o n o f a 
cu rve in 2D space C I ] . F i r s t we r e c a s t a l g o r i t h m [1 ] 
i n t he s e t t i n g o f g raph t h e o r y wh ich a l l o w s u s t o 
g e n e r a l i z e i t t o 3 -D . Second we b r i e f l y e x p l a i n how 
the s u r f a c e graph wh ich i s t he b a s i s o f t h e p r e s e n t 
a l g o r i t h m can be o b t a i n e d e x p e r i m e n t a l l y . T h i r d we 
d e s c r i b e the main components o f ou r a l g o r i t h m . 

D e s c r i p t i o n o f t he t w o - d i m e n s i o n a l a l g o r i t h m 

W e w i l l d e s c r i b e the p l a n a r a l g o r i t h m f o r d i s ­
c r e t e s imp le c l o s e d cu rves i n the sense o f [ ' 21 . Le t 
[2] .A i i = 0 , . . . , n be a s e t of p o i n t s f o r m i n g a cu rve C 
on a d i s c r e t e g r i d . For reasons wh ich w i l l become 
e v i d e n t l a t e r w e w i l l n o t assume t h a t these p o i n t s 
a re o r d e r e d a l o n g t he c u r v e , t h a t i s t h a t A i - 1 and 
A - j - i ( a l l indexes a re taken modulo n ) a re the two 
ne ighbo rs o f A j . None the less we assume t h a t the 
s t r u c t u r e o f t he s e t o f p o i n t s A j i s g i v e n t o u s 
as a graph G=(V,A) where the s e t of v e r t e x e s V is 
t he s e t of p o i n t s A j and A the se t of edges. A is 
a subse t o f V*V i n d i c a t i n g n e i g h b o r i n g v e r t e x e s t h a t 
i s to say n e i g h b o r s on the c u r v e . 

The p l a n a r a l g o r i t h m then goes as f o l l o w s : 

A l g o r i t h m 1 : 

i) p i c k any two p o i n t s P and Q on C wh ich are 
no t n e i g h b o r s . The l i n e PQ is the ze ro o r d e r a p p r o ­
x i m a t i o n o f t he cu rve C. 

i i ) f i n d t he s h o r t e s t pa th f rom P to Q in G . 
T h i s sepa ra tes t h e curve i n t o two cu rves C1 and C2 
and the graph G i n t o two d i s c o n n e c t e d subgraphs G1 
and Go. 

i i i ) p rocess G1 and G2 i n d e p e n d e n t l y : f i n d 
the most d i s t a n t p o i n t P i on C j to t he l i n e PQ 
( i = l , 2 ) . The po lygon PP1QP2 i s t h e f i r s t o r d e r app ro ­
x i m a t i o n to t h e cu rve C. 

i v ) w e then r e c u r s i v e l y s p l i t t he cu rves C j i n 
two by f i n d i n g t he s h o r t e s t pa th in G j f rom A to P i 
and i t e r a t i n g s t e p i i i ) o n t he c o r r e s p o n d i n g sub­
graphs u n t i l s we reach an a c c e p t a b l e e r r o r l e v e l . 

I n p r a c t i c e o f course the need t o f i n d s h o r t e s t pa ths 
between v e r t i c e s in a graph can be avo ided in the 
p l a n a r case by the f a c t t h a t p o i n t s on a cu rve can 
be o r d e r e d as a sequence of n e i g h b o r s . Th i s 
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u n f o r t u n a t e l y i s no t t r u e i n h i g h e r d imens ions and 
t h i s is why we have c a s t t he w e l l known a l g o r i t h m 1 
i n t o a more gene ra l s e t t i n g wh ich i n r e t u r n w i l l 
a l l o w us t o g e n e r a l i z e i t i n a s t r a i g h t f o r w a r d man­
ner t o the case o f s u r f a c e s . 

D e s c r i p t i o n o f t he t h r e e - d i m e n s i o n a l a l g o r i t h m 

These d i s c r e t e s u r f a c e s have been o b t a i n e d by 
scann ing r e a l o b j e c t s w h i t h o u t ho les ( i n our case 
i n d u s t r i a l p a r t s ) w i t h a l a s e r range f i n d e r b u i l t 
a t INRIA. The o b j e c t be ing p o s i t i o n e d i n f r o n t o f 
t he a c q u i s i t i o n sys tem, we " r a s t e r scan" the c o r ­
r espond ing v iew by moving a l a s e r beam f rom top to 
bo t tom and l e f t t o r i g h t o f t he o b j e c t . The p o s i ­
t i o n i n space o f t he l a s e r spo t i s computed by 
t r i a n g u l a t i o n . The l a s e r range f i n d e r system i s 
d e s c r i b e d e l sewere [ 3 ] . 
R i g h t now we have an accuracy of .75mm at d i s t a n c e 
of 5m f o r a dep th of f i e l d of 75cm and make a mea­
surement every 10ms. We then r o t a t e the o b j e c t in 
a c o n t r o l l e d manner t o " s e e " a l l o f i t . Th i s p r o ­
v i des us w i t h a se t o f p o i n t s A j ( i = 0 , . . . , n ) i n 
3-D space every p o i n t hav ing a number of n e i g h b o u r s . 
Some p r o c e s s i n g has to take p l ace to o b t a i n t h i s 
i n f o r m a t i o n f o r a l l p o i n t s i n every v iew. Th is i s 
d e s c r i b e d e l sewhere [ 4 ] . 

We a re now a b l e to b u i l d f rom the se t of p o i n t s 
A i and t h e i r ne ighbo rs the c o r r e s p o n d i n g graph 
G=(V\A) as in t he p l a n a r case . 
From t h e r e we can des ign an a l g o r i t h m wh ich is 
a lmos t t he same A l g o r i t h m 1 and wh ich " a l m o s t " 
works : 

A1go r i t hm 2 : 

i ) p i c k t h r e e p o i n t s P,Q and R on t he s u r f a c e 
S wh ich are no t n e i g h b o r s . 
The p lane PQR is the ze ro o r d e r a p p r o x i m a t i o n of 
the s u r f a c e S. 

i i ) f i n d the s h o r t e s t most p l a n a r c y c l e 
t h r o u g h PQR. Th i s forms a c y c l e in t he graph G 
which we denote by (PQR). Th is c y c l e sepa ra tes 
the s u r f a c e i n t o two s u r f a c e s S1 and S2 and the 
graph G i n t o two d i s c o n n e c t e d subgraphs S1 and Go 
(we a r b i t r a r i l y a s s o c i a t e t he p o i n t s o f PQR) e i t h e r 
t o G1 o r t o G2). 

i i i ) p rocess G1 and G2 i n d e p e n d e n t l y : f i n d 
the most d i s t a n t p o i n t P i o f S i to the p lane PQR 
( i - 1 , 2 ) . 
The po l yhed ron (PP1Q,QP1R,RPiP,Pp2Q,QP2R,RPoP) i s 

t he f i r s t o r d e r a p p r o x i m a t i o n o f t he s u r f a c e S . 
i v ) w e then r e c u r s i v e l y s p l i t the s u r f a c e s 
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